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Preface

All the interests of my reason, speculative as well as practical,
combine in the three following questions: 1. What can I know?
2. What ought I to do? 3. What may I hope?

(Immanuel Kant, The Critique of Pure Reason)

Dear Reader,

my interest in what is now the topic of this book has begun during my
studies at the University of Bristol, continued through my PhD in Bonn,
and still lasts. Kernel for structured data are of interest to researchers
in machine learning and data mining but also to practitioners in many
other fields applying state-of-the-art machine learning techniques. Machine
learning and data mining are two research fields concerned with automated
learning that have demonstrated considerable success in a wide variety of
applications and hence became key enabling technologies in many areas.

Kernel methods are currently one of the most popular class of ma-
chine learning algorithms. The best known kernel method is the support
vector machine. Kernel methods are distinguished by their theoretically
sound foundation in learning theory and their outstanding empirical re-
sults. These have first been achieved on domains where the objects of
learning can easily be embedded in a Euclidean space.

Real-world machine learning problems, however, are often such that
the objects that we want to learn about have no natural representation
in attribute-value form. An example of such a problem is to estimate the
activity of chemical compounds against an illness. In this application one
very natural representation of such chemical compounds is their chemical
structure graph. Kernel methods and other conventional machine learning

vii
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algorithms can not directly be applied to this sort of problems.

This book is concerned with the extension of kernel methods to struc-
tured data. In particular we consider two different representation languages
for structured data: logic and graphs. As a logic based representation we
chose to use the basic terms of a typed higher-order logic. For graphs
we will consider directed and undirected labelled graphs. The distinction
between these representation languages is beneficial for the clarity of the
description of the kernel function as well as from a computational perspec-
tive. Both formalisms, as we will see, lend themselves naturally to certain
kinds of application domains. Together they cover most—if not all—kinds
of structured data that might occur in real-world applications.

The natural way to extend kernel methods to logical and graph-based
representations of structured data is to define a positive definite kernel
function on the set of possible object representations. This book presents
a systematic approach to define kernel functions for structured data and
to apply these kernel functions to large scale real-world machine learning
problems. We define and characterise suitable kernel functions for struc-
tured data and their computational properties. Our empirical evaluation
shows that kernel methods with our kernel functions for structured data
substantially outperform conventional methods on a variety of important
application domains.

Life is just a long random walk

(Devroye, Gyorfi, and Lugosi. A Probabilistic Theory of
Pattern Recognition)

Many thanks go to Peter Flach for introducing me to the world of ma-
chine learning and Colin Campbell for teaching me about support vector
machines. Since then, Peter has helped me in an uncountable number of
ways—Thanks!

Back to Germany I started my PhD thesis at the University of Bonn
and at Fraunhofer TAIS which at the time was called GMD AIS. It goes
without saying that my thesis supervisor, Stefan Wrobel, has had the largest
impact on my thesis and thus this book. Thanks for your advice, support,
help, comments, pleasant conversations, etc. I am also very grateful to
the remaining members of my thesis committee and reviewers: Michael
Clausen, Stefan Kramer, Wolfgang Alt, and Reinhard Klein. In particular,
I want to thank Michael Clausen who read this thesis very carefully and
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gave many helpful comments.

Of course, fruitful research is only possible in friendly and pleasant
working environments. Michael—thanks for providing such an environ-
ment. Tamas—thanks for your sense of humour and our scientific discus-
sions. Hendrik and Francois—thanks for all our discussions and all the fun
we had with many red wines and/or white beers. Myriam—thanks for all
your help. Though I could easily continue this list of colleagues, I want to
keep things short and just thank everybody who works or worked at TAIS
(inside and outside the knowledge discovery group) who made my work
time more pleasant and easier—Thanks!

One of the parts of my PhD I enjoyed most is travelling. Apart from
meeting great people at various conferences, I had the honour of visiting
different research labs for collaborations which always left me with some
unforgettable experiences. Thanks to everybody in the Freiburg and Leuven
machine learning groups—meeting you is always stimulating as well as a
lot of fun (and extra thanks for Fluffy). During these travels and various
conferences I met a number of people whom I had the pleasure of writing
papers with that strongly influenced my thesis. Thanks go to Adam, Alex,
Jan, John, Kristian, and Kurt. Just after submitting my thesis I had
the opportunity of visiting the statistical machine learning program at the
National ICT Australia. Thanks to everybody there for providing a great
research environment. Since then, I have visited more groups—thanks to
everyone in these groups—and co-authored more paper—thanks to Quoc,
Vishy, Ulf, Tobias, Yasemin, Gemma, Hanna, and Jiirgen. During the
travel free time I enjoy most to work with the people that make up the
CAML group: Gihad, Karim, Lana, Mario, and Shankar—Thanks!

The people most important to me must of course also be mentioned: My
family and friends. The first and probably most significant influence to this
book came, as might be expected, from my parents and sisters—Thanks!
Throughout my life (scientific as well as real) I had the pleasure of meeting
many more people than I can mention here from all over the world whom
I now consider my friends. You know who you are—Thanks!

Thomas Gartner 18th June 2008
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Notational Conventions

Kramer grinned wryly. “You could even help us name the ani-
mals,” he said. “I understand that’s the first step.”

(Philip K. Dick, Mr. Spaceship)

Where possible we will follow the notational conventions given below.

e Calligraphic letters (A, B...) denote sets (or particular spaces):

— X an instance space,

— Y a label set,

— YV the vertex set of a graph,

— & the edge set of a graph, and
— H a Hilbert space.

e Capital letters (A, B,...) denote matrices or subsets of some set:
— F the adjacency matrix of a graph.
e Bold letters or numbers denote special matrices or vectors:

— I the identity matrix, i.e., a diagonal matrix (of appropriate
dimension) with all components on the diagonal equal to 1.
— 0 the zero element of a vector space or a matrix with all com-
ponents equal to 0. For the vector spaces R™ the zero element
is the vector (of appropriate dimension) with all components
equal to 0. In function spaces we will sometimes use 0(-).
— 1 the matrix (in R™*™) or the vector (in R™) with all elements
equal t 1.

e Lowercase letters (a,b,...) denote vectors, numbers, elements of
some set, or functions:

Xv
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— n the number of training instances,
— x a single instance, and
— y a single label.

e Lowercase Greek letters a, (3, ... denote real numbers.
e Bold lowercase Greek letters a;, 3, ... denote vectors of real num-
e Symbols:

— A= B: if A then B.

— A< B: Aif B.

— A< B: Aif and only if B.
— f: X — Y denotes a function from X to ).
— f(*): to clearly distinguish a function f(z) from a function

value f(x) we use f(-) for the function and f(z) only for the
value of the function f(-) applied to x. This is somewhat
clearer than using f for the function as (out of context) f
could be read as a number. In A-notation we could denote
f() as Az. f(x).

{z € X : p(x)} denotes the set of elements of X for which the
function p : X — Q evaluates to true.

{f() | f: X — Y}: the set of functions from X to ) which
are defined pointwise, that is, Vo € X' : f(x) € ). Alternative
notations are {f : X — Y} and Y but we prefer {f(-) | f :
X — Y} for clarity.

f:A— B — (C: As a shorthand for a function that maps
every element of A to function from B to C' that could be
denoted by f : A — (B — C) we use the notation f : A —
B — C. If arguments a € A and b € B are given at the same
time, the notation f’ : A x B — C could denote the same
function.

AT denotes the transpose of the matrix A.

| - | denotes the function returning the absolute value of a real
number.

e Other notational conventions and exceptions:

— A;; denotes the component in the é-th row and j-th column

of matrix A.

— A,;. denotes the i-th row vector of matrix A.
— A.; denotes the j-th column vector of matrix A.
— i a measure.



Notational Conventions

: a probability distribution.

: the set of all real numbers.

: the set of all natural numbers 1,2,3,....
: the Booleans Q = {T, L}.

xvii
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Chapter 1

Why Kernels for Structured Data?

Der duflere Eindruck auf die Sinne, samt der Stimmung, die er
allein und fiir sich in uns hervorruft, verschwindet mit der Ge-
genwart der Dinge. Jene beiden kinnen daher nicht selbst die
etgentliche ‘Erfahrung’ ausmachen, deren Belehrung fiir die Zu-
kunft unser Handeln leiten soll. [...] mithin frei von der Gewalt
der Zeit ist nur Eines: der ‘Begriff’.

(Arthur Schopenhauer, Zur Lehre von der abstrakten oder
Vernunft-Erkenntnis)

Being able to learn from experience is what enables humans to adapt
to an ever changing environment. Be it the extraction of physical laws
from experimental data or be it the use of experience for decision making,
learning from examples is at the core of intelligent behaviour. Two strongly
connected types of learning are modelling of data and estimating a property
of some objects before it is observed. At a time where the amount of
data collected day by day far exceeds the human capabilities to extract the
knowledge hidden in it, it becomes more and more important to automate
the process of learning. Machine learning and data mining are two research
fields concerned with automated learning. In many business and scientific
applications the use of machine learning methods helped speed up and
reduce the cost of certain processes. For some example applications see
[Graettinger (1999); Fayyad et al. (1996)].

Within these research fields, recently a class of learning algorithms is
receiving an ever increasing amount of interest from researchers as well as
practitioners. The most popular learning algorithm in this class of so-called
kernel methods is the support vector machine. Its popularity stems from its
sound foundation in learning theory and its ability to provide superior em-
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pirical results in many benchmark as well as real-world applications. For an
overview over some of these applications we refer to [Bennett and Campbell
(2000)]. A very prominent recent example is the superior performance of
support vector machines in text classification [Joachims (2002)].

Support vector machines and other kernel methods can directly be ap-
plied to all kinds of data that are easily embedded in a Euclidean space.
This is the case in the traditional setting of machine learning, which only
considers examples represented in a single row of a table. However, there
are many potential machine learning applications, where this is not the nat-
ural representation. Such an application is, for example, the classification
of compounds given their chemical structure graph.

This book is therefore concerned with extending kernel methods in such
a way that they can be applied to learning problems where the represen-
tation of objects in a single row of a table is not trivial. In particular, we
will consider examples represented by terms in a typed higher-order logic,
as well as examples represented by graphs. Both logic and graphs are two
very common and general languages for representing structured objects. As
we will see, they lend themselves naturally to certain kinds of application
domains. Together they cover most — if not all — kinds of structured data
that might occur in real-world applications. With a systematic extension
of kernel methods to logic and graphs, we will be able to apply the whole
range of available kernel methods to machine learning problems that involve
structured data.

In the remainder of this chapter we will first introduce machine learning,
kernel methods, and the particular issues of learning with structured data in
some more detail. We will use a simple drug discovery problem to illustrate
these concepts. After that, we summarise the goals and contributions of
this book.

1.1 Supervised Machine Learning

We begin with an example application.

Example 1.1. The drugs we can buy today to fight a particular illness
are probably better than the ones we could have bought a century ago and
probably worse than the ones we could buy in a century. The difference
between the drugs that fight the same illness are then properties like the
effectiveness of the drug against the disease or the solubility of the drug in
water. Researchers are working on improving these kind of properties of
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chemical compounds used as drugs. As an example, we will focus on the
effectiveness of drugs in fighting some disease.

Suppose now we knew beforehand a way to estimate this effectiveness
for any chemical compound. This knowledge could be used in many ways
to speed up the design of new — improved — drugs as well as to reduce
the costs of developing new drugs. A bit more formally, for each disease
we would like to have a function that estimates the effectiveness of any
chemical compound in fighting this disease.

There are different ways to obtain such a function given a disease. One
possibility is to make use of chemical knowledge and knowledge about the
details of the disease. A different possibility — the one we are interested in
— is to look at drugs known to be effective in fighting this disease. Clearly,
we can find functions that tell us that the known drugs are effective against
the illness — the challenge is to find a function that generalises well over
the given examples and thus is able to estimate well the effectiveness of
other chemical compounds in fighting this disease.

This, exactly, is the type of problems machine learning is interested in.
A bit more formally, we need to first introduce the representation space,
the learning task, and the hypothesis space. The representation space is
the set of all possible object descriptions that can occur in a given problem.
Let X denote the representation space. In the example above, the repre-
sentation space could be the set of all possible chemical structure graphs.
The learning task we will mostly consider is supervised learning. There,
we are interested in one particular (target) property of the objects and
know the value of this property for some objects. Let ) denote the set of
possible values of the property. In the example above, ) could be the set
containing the values +1 indicating an active compound and —1 indicating
an inactive compound. In this case, one speaks of binary classification.
Alternatively, ) could be the set of real numbers representing some mea-
sure of the compound’s activity. In this case, one speaks of regression. In
supervised learning, we try to find a function that is able to estimate the
value of the target property for all elements of the representation space.
That is, we try to find a function from X to ) that has good predictive
performance, or in other words, that generalises well over the objects with
observed value of the property. We refer to Section 2.2.1 for a more precise
definition of these terms.

It turns out that the difficulty of machine learning is not to find a func-
tion that reproduces exactly the known property values. There are many
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different such functions and unfortunately the function that has best pre-
dictive performance need not be among the functions that reproduce best
the known property values. Indeed, machine learning algorithms usually
prefer “smooth” functions that approximately reproduce the known prop-
erty values over “non-smooth” functions that exactly reproduce these. This
is called regularisation (see Section 2.3.2). Usually, also not even all possi-
ble functions are considered as solutions to the learning problem by every
learning algorithm. The set of possible solutions considered by a learning
algorithm is called its hypothesis space.

1.2 Kernel Methods

We will now have a fresh look at the machine learning problem introduced
in the previous section.

Let us try to devise a simple method to find a function which estimates
the effectiveness of chemical compounds against some illness. Recall that
the way we want to find this function is to look at chemical compounds
for which we know their effectiveness against this illness. Building on this
‘experience’ with other chemical compounds we want to construct an esti-
mating function.

Suppose we knew how to compute a meaningful similarity between
chemical compounds. We will now discuss how to predict the effective-
ness of a chemical compound against some disease given that we know the
effectiveness of other chemical compounds against this disease. ‘Meaningful
similarity’ implies here that chemical compounds with high similarity have
similar chemical properties and biological activity.

The machine learning method known as radial basis function networks
works in two steps. The first step is a rather technical step in which some
parameters (weights) of the estimating function are determined. We will
skip this step here. In the second step we compute the similarity of the
chemical compound we are interested in with all chemical compounds that
are known to be effective and with all chemical compounds that are known
not to be effective. Using the weights obtained in the previous step we
can compute a weighted sum over the similarities to effective compounds
as well as a weighted sum over the similarities to not effective compounds.
Then we end up with two numbers. Comparing these two numbers we
can estimate the effectiveness of the chemical compound we were originally
interested in. The intuition behind this idea is that a chemical compound
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that is highly similar to many effective compounds but to few not effective
compounds is likely to be effective itself and vice versa.

Kernel methods are a special kind of these radial basis function net-
works. By restricting the class of similarity measures that are considered
to so called positive definite kernel functions, the parameters of the esti-
mating function can be determined more efficiently and more reliably. The
hypothesis space considered by kernel methods consists of all linear combi-
nations of a given class of functions. More precisely, the hypothesis space
of kernel methods is the set of linear combinations of positive definite ker-
nel functions with one argument set to an element of the representation
space. Mathematically, this space is a Hilbert space with a well-defined
inner product and thus norm. For more details see Section 2.3.

The other important part of kernel methods is the algorithm that, given
a kernel function and a set of objects with known value of the target prop-
erty, chooses one function from the hypothesis space that is expected to have
best predictive performance. In kernel methods it is common to formulate
this as a convex optimisation problem. In order to avoid “non-smooth”
solutions, the objective function of the optimisation problem is not just the
deviation of the predicted values of the target property from their observed
values (the so-called loss) but the sum of this deviation and a regularisa-
tion term. In fact, in most kernel methods, the Hilbert space norm of the
hypothesis function is used as the regularisation term. Whenever the loss
function, measuring the deviation between predicted and observed values,
satisfies certain properties, this optimisation problem can be guaranteed to
be convex as a result of only considering positive definite kernel functions.

The support vector machine, the most well known and most frequently
used kernel method, is derived by choosing one particular loss function, i.e.,
one particular way of measuring the deviation of the predicted values from
the true values of the target property. The convex optimisation problem
can in this case be solved by quadratic programming methods. For this
learning algorithm very good theoretical properties have been shown and
very good empirical results have been achieved.

One of the features of kernel methods that we will exploit in this book is
the independence between the learning algorithm and the kernel function.
Different hypothesis spaces can be explored by simply using a different
kernel function — without modifying the learning algorithm.
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1.3 Representing Structured Data

This book is concerned with extending kernel methods such that they can
be applied to machine learning problems where the representation of each
object in a single row of a table is not trivial. In the context of the drug de-
sign problem introduced above, we consider the representation of chemical
compounds by chemical structure graphs. That is, we represent a molecule
by a set of atoms, a set of bonds connecting pairs of these atoms, and an
assignment of element-types (carbon, oxygen, ... ) to atoms and bond-
types (single, double, aromatic, ...) to bonds. In this representation, for
example, water is represented by a set of three atoms and a set of two
bonds connecting the second atom to both other atoms. Furthermore, the
element-type oxygen is assigned to the second atom and the element-type
hydrogen to the first and third atoms.

Kernel methods have been applied to various real-world problems with
very good empirical success. However, as pointed out above, kernel meth-
ods, just like other standard machine learning tools, can not directly be
applied to problems like the one described in the example above. Why?
Machine learning has traditionally focused on problems where each object
can be represented in a single row of a table. In the drug design problem
described above, however, describing each example in a single row of a table
is difficult. Why is this difficult? Consider we had a function that maps
every graph to a single row in a single table, such that “classical” machine
learning algorithms can directly be applied to the images of the graphs
under this map. Ideally, we would like to require three properties of this
map: (7) Isomorphic graphs are mapped to the same image. (i¢) The func-
tion can be computed efficiently, i.e., in time polynomial in the size of the
graphs. (i) Non-isomorphic graphs are mapped to different images. As
the problem of deciding graph isomorphism is believed not to be efficiently
solveable, i.e., it is believed not to be in P, we can not hope to find a func-
tion that satisfies all three properties. Without such a function we can not
hope to apply standard machine learning algorithms to graphs represented
in a table. Of course we could instead try to find a function that violates
some of the conditions but is still good enough for most learning problems
we consider or we could try to modify machine learning algorithms such
that they interpret graphs represented in a table by one imperfect map in
the correct way (respecting isomorphism, for example). Both approaches
are not trivial and introduce various complications.

Fortunately, because of the modularity of kernel methods we also have
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a another option: We leave the learning algorithm unchanged, represent
graphs in any meaningful way, and just adapt the kernel function to the
chosen representation. This approach does not simplify the general problem
but it allows a more systematic solution. Furthermore, considering that
positive definite kernel functions themselves can be seen as inner products
between the images of examples in a different space, it appears more natural
to extend kernel methods to structured data by directly defining a positive
definite kernel function on the data rather than first mapping it into a table
and then mapping it (implicitly using the kernel function) into yet another
space. Last but not least, mapping the data only once — implicitly using
the kernel function — has computational advantages that we will explore
later in this book.

1.4 Goals and Contributions

The central question this book focuses on is: How can kernel methods be
applied in learning problems with structured data? The simplest answer
to this question is that kernel methods can be applied to any kind of data
as long as a meaningful kernel function is known. This gives rise to new
questions like: How can we define what a meaningful kernel function is?
Given some structured data — how can we define a meaningful kernel
function in a systematic way? The second question is the central question
of this book and we need to have an idea about the answer to the first
question to answer the second. We will thus provide a categorisation of
(more or less) meaningful kernel functions before defining kernel functions
for specific kinds of data.

Based on these considerations, we develop two kernel functions for
rather general data structures commonly used in computer science: logic
and graphs. The logic we use is a higher-order logic with polymorphic types.
For knowledge representation purposes we use only the ground terms in this
logic and not, as frequently done in first-order logic, sets of predicates. The
reason we can do this without losing much expressivity is that higher-order
logics allow for the direct modelling of sets inside a term rather than by
using a set of predicates only.! As a second representation language we

IThe basic terms are powerful enough to even represent graphs in the usual way by
introducing a set of identifiers (the vertices) and a set of edges, each consisting of a
(ordered or unordered) pair these identifiers. However, the algorithmic and computa-
tional challenges of terms with and without identifiers are rather different. For example,
without identifiers there are no convergence issues at all, while if we try to exploit the
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consider directed and undirected labelled graphs. The distinction between
basic terms and graphs is beneficial for the clarity of the description of
the kernel functions as well as from a computational perspective. Both
formalisms, as we will see, lend themselves naturally to certain kinds of
application domains. Together they cover most — if not all — kinds of
structured data that might occur in real-world applications.

Work on kernel functions for structured data has started with the influ-
ential work of Haussler (1999) and Watkins (1999b). Both proposed rather
general frameworks that left several questions open to particular applica-
tions of these frameworks. This book is the first systematic approach to
define kernel functions for structured data and to apply these kernel func-
tions to large scale real-world machine learning problems. Our empirical
evaluation shows that kernel methods with our kernels for structured data
substantially outperform conventional methods on a variety of important
application domains.

To sum up, the four main contributions of this book are:

e Characterisation of meaningful kernels for structured data and in-
vestigation of their computational implications.

e Definition of kernels for logic-based representations: Basic term
kernels.

e Definition of kernels for graph-based representations: Walk-based
kernels and cyclic pattern kernels.

e Empirical evaluation in a variety of application domains.

1.5 Outline

The outline of this book is as follows:

Chapter 1 gave a general introduction to this book and the areas in which
it is located.

Chapter 2 first introduces the necessary mathematical tools needed for
the further developments of this book. Then the general learning
problem and the kernel based approach to solving learning prob-
lems are discussed. Afterwards a set of different kernel methods
are described that will be used later in this book.

Chapter 3 develops the necessary basics needed for the kernel definitions

identifiers in a term in a meaningful way, convergence will be an issue. We thus consider
basic terms (without such identifiers) and graphs, separately.
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in the remainder of this book. First, some general remarks on ker-
nels are given and examples of kernel functions often used for inner
product spaces are given. Then it is described which combinations
of kernels are again kernels. After that alternative kernels for sets
are discussed and related work is described.

Chapter 4 describes how kernels for terms in a higher-order logic can
be defined based on the type structure of the terms. First, an
overview of the higher-order logic is given. Then the default kernel
based on the type structure is defined and it is shown that it is
positive definite. After that, the implications of using this kernel
in a particular class of learning problems is analysed in more detail,
before several applications are described.

Chapter 5 discusses kernels for instances that have a natural represen-
tation as a graph. First, graphs and some related concepts are
introduced. Then, after the difficulty of defining computationally
tractable graph kernels has been analysed, a number of effectively
applicable graph kernels are proposed. Their application to rela-
tional reinforcement learning as well as molecule classification is
described thereafter.

Chapter 6 concludes.
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Chapter 2

Kernel Methods in a Nutshell

The wub eased itself down in the corner with a sigh. “You must
forgive me,” it said. “I’m afraid I’'m addicted to various forms
of relaxation. When one is as large as [ — 7

(Philip K. Dick, Beyond Lies the Wub)

This dissertation is concerned with the application of kernel methods to
structured data. Thus, obviously, concepts from both fields are relevant. As
we will focus on different knowledge representations in different chapters,
here we will mostly introduce preliminaries relevant to machine learning in
general and kernel methods in particular.

We begin with a brief introduction of the necessary mathematical con-
cepts. The range of relevant topics is rather broad and a fully self-contained
summary is not possible here. The mathematical topics covered range from
measurable sets, function integration, via linear and metric spaces, to inner
product spaces, and reproducing kernel Hilbert Spaces. Another relevant
topic is matrix computations such as eigenvalue decompositions and parti-
tioned inverse equations.

The second section of this chapter is then concerned with the basic
problem considered in machine learning. Particular issues are supervised
learning, empirical risk minimisation, and performance evaluation methods.

The third section is concerned with the basics of kernel methods. Ele-
ments from statistical learning theory, model fitting, and regularisation are
summarised and their impact on kernel methods is clarified.

Last but not least we present in this chapter a variety of different kernel
methods that can be used to solve very different learning problems on data
for which a meaningful positive definite kernel function has been defined.

13
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2.1 Mathematical Foundations

This section introduces the mathematical background of kernel functions
and of other tools used in this dissertation. The terminology and definitions
follow in general along the lines of Kolmogorov and Fomins books on “El-
ements of the Theory of Functions and Functional Analysis” [Kolmogorov
and Fomin (1960b,a)].

2.1.1 From Sets to Functions

A set is a collection of distinguishable things, each of which is called an
element of the set [Cantor (1895)]. Two sets A, B are equal (A = B) if they
have the same elements. That a is an element of A is denoted by a € A.
If all elements of A are also elements of another set B, A is a subset of B.
If A is a subset of B and there is an element in B which is not in A, A is
called a proper subset of B. The symbol @) is used to denote a set which
has no element, the empty set. The empty set is a subset of every set. The
power set of a set A is the set of its subsets, denoted 2.

Next we define the union (‘U’), intersection (‘0Y’), difference (*\’), and
symmetric difference (‘A\’) of two sets:

e AU B consists of all elements of A and all elements of 5.
e AN B consists of all elements belonging to both A and B.
e A\B consists of all elements of A which are not in B.

o AAB = (A\B)U (B\A) = (AUB)\(ANB).

The Cartesian product of two sets A, B is the set of all possible pairs of
elements from A and B, i.e., A x B={(a,b) : a € AND € B}. Let M be a
set. A subset of the Cartesian product M x M is called a binary relation.
A binary relation ¢ is usually denoted infix, i.e., a b means (a,b) is an
element of the relation. A binary relation is

o reflexive if apa for all a € M,
o symmetric if apb < bpa for all a,b € M, and
o transitive if apb ANbpc=apc forall a,b,c € M.

A binary relation that is reflexive, symmetric, and transitive is called an
equivalence relation.

Let M, N be two sets. A mapping f : M — N is an assignment of each
element of M to one and only one element of A/. That a particular m € M
is mapped to a particular n € A by a mapping f is denoted by n = f(m).
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Frequently the term function is used instead of mapping. For a set A C M,

flA] = {f(a) : a € A}. Furthermore we define for every f the mapping

12V — 2M such that for every B C N: f~'[B] = {a € M : f(a) € B}.
A function f: M — N is

o injective if f(x) = f(y) =z =y for all z,y € M,
o surjective if f[M] =N, and
e bijective if f is injective and surjective.

If a function f : M — N is bijective, the function f~! : A — M is defined
such that f='(n) = m < n = f(m) for all n € N,m € M. This function
f~1is called the inverse of f.

A set for which we can denote the number of elements by a natural
number is called a finite set, otherwise it is called an infinite set. Two sets
between which we can establish a bijective function, are called equivalent
and we say they have the same cardinal number. The Cardinal number
of a finite set is simply the number of elements in the set. Infinite sets
equivalent to the set of natural numbers are called denumerable and their
cardinal number is denoted Ny. Infinite sets equivalent to the set of real
numbers between zero and one have the power of the continuum, denoted
by ¢. For any set, its power set has higher cardinal number.

2.1.2 Measures and Integrals

A system of sets is a set whose elements are again sets. Usually all sets
in a system of sets are subsets of some fixed set. The unit of a system of
sets & is the set € such that A € 6= ANE = A. A non-empty system
of sets is called a ring of sets if it is closed under symmetric difference and
intersection, i.e., if A, B are in the ring then also AAB and AN B are in the
ring. This implies also that A\ B and AU B are in the ring. Furthermore,
every union and intersection of a finite number of sets in the ring is also in
the ring. Any ring of sets contains the empty set.

A Borel algebra is a ring of sets that, in addition to every sequence
of sets Ay,...,A,,... that it contains, also contains their union. Every
Borel Algebra has a unit. For any system of sets & there is a Borel algebra
containing G and at the same time contained in any Borel algebra that
contains &. This Borel algebra is called the Borel closure of 6. A Borel
set is a set that belongs to the Borel closure of the set of intervals [a,b] of
real numbers.

A system of pairwise non-intersecting sets Aj, ... A,, is called a finite
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decomposition of Aif A =J;_, A;. A system of sets & that is closed under
intersection is a semiring if for all 4 € & and A; C A, A; € G there is a
finite decomposition of A containing A; that is a subset of &.

A function p : S, — RU {£oo} is called a measure if

e S, is a semiring of sets,

e i(A)>0forall AeS,, and

o for any finite decomposition Ai,..., A, of A € S, it holds that
p(A) =370 n(Ad).

The set S, is then called the domain of definition of u. It follows directly
from the definition that u(@) = 0. A measure p is countably additive if for
any A, A1, Ay, ... € S, with A = 2, Ajand i # j=>A;NA; =0 it
follows that p(A) =Y o2, u(A;).

We now consider countably additive measures whose domain of defini-
tion is a Borel algebra and real functions defined on a set X which we will
assume to be the unit of the domain of definition of the measure. A function
f: X — Ris called u—measurable if for any Borel set A: f~1{A] € S,. A
function is called simple if it is p—measurable and takes only a countable
number of different values. A function satisfies a property almost every-
where if the property holds except for a subset of the domain which has
measure zero. Two functions are equivalent if they take the same values
almost everywhere.

A sequence aq, ag, . .. of real numbers converges to a real number a if and
only if for every € > 0 there is an index N, such that n > N, = |[a—a,| < €.
The number a is then called the limit of the sequence and denoted by
a = lim,_,. a,. For brevity we sometimes write a,, — a. A sequence for
which there is no such number is said to diverge. The sequence is said to
diverge to oo, denoted by lim,_ .., a, = £oo or short a,, — Fo0, if for
all m € R there is an index N € N such that n > N= +a, > m. A
series of real numbers Zj; b; = by 4+ by + - -+ converges to a if and only
if the series aj,as,... of partial sums a, = Z?Zl b; converges to a. A
series of real numbers >, b; converges absolutely if .- |b;| converges.
A sequence of functions fi, fo,... : X — R is said to converge pointwise
to a function f : X — R if for every z € X,e > 0 there is a N, € N
such that |f(z) — fn(z)] < € for all n > N, ,. A sequence of functions
f1, fo,...: X = Ris said to converge uniformly to a function f: X — R if
for every € > 0 there is a N, € N such that |f(z) — fn(z)| < e for all n > N,
and z € X. Every uniformly convergent sequence of functions is pointwise
convergent.
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For a simple function that takes the values y1,¥y2,...;y = y; &1 = j
the Lebesgue integral over the set A is defined by

/f Ydu = Zyz,u ({z:xe A f(z Zyzu "{wi]) -

A simple function f is called integrable if the above sum converges abso-
lutely. An arbitrary function f : X — R is integrable over the set A if
there is a sequence of integrable simple functions fi, fs,... : X — R that
converge uniformly to f(z). The integral of f over the set A is then defined

as
/A f(@)dp = lim /A fi(z)dp

2.1.3 Metric Spaces

A metric space is a set R along with a function d : R x R — R such that
for all z,2' € R:

(z,2") > 0 (positive),

(x,2') =0z =1,

(z,2') =d(2',x) (symmetry), and

(x,2) +d(z,2") > d(z,z') (triangle inequality).

The function d is called a metric. If d(z,2') = 0< x = 2’ does not hold
but the weaker condition d(x,x) = 0 holds, d is sometimes called a pseudo-
metric and the space (X,d) a pseudo-metric space. Sometimes a metric is
called a distance. The elements of R are sometimes called points in R.

An arbitrary set, along with the function d(z,2’) = 1< a # 2’ and
d(z,2’) = 0< x = 2/, is a metric space. Another important example of a
metric space is the Fuclidean n-space: The set of ordered n-tuples of real
numbers z = (21,22, ..., &,) with d(z,2’) = />, (z; — 2})2.

Similar to the convergence of a sequence of real numbers, a sequence of
points x1,Zs,... in the metric space (R,d) is said to converge to a point
x € R if for every € > 0 there is a natural number N, such that n >
N.=d(z,z,) < € (or short: lim,_,o d(z,z,) = 0). This corresponds to
the sequence d(x1, ), d(z2, x), . .. of real numbers converging to 0. x is then
called the limit of z1, s, ..., denoted as lim,,_,o, £, = x or z,, — .

In a metric space (R,d), the set B(zg,r) = {x € R : d(zo,z) < r} is
called the open ball with centre zy € R and radius » € R. The open ball
B(z,€) is often called the e-neighbourhood of x. A point z € R is called a
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limit point or a contact point of a set X C R if every e-neighbourhood of z
contains at least one point from X. The closure of a set X C R is the set of
all contact points of X. A set is called closed if it is equal to its closure. A
set A in a metric space R is dense in a set B if B is a subset of the closure
of A. A is everywhere dense in R if its closure is the entire space R. A
metric space is separable if it contains an everywhere dense denumerable
subset.

A sequence of points 1, x2,... in the metric space (R,d) is called a
fundamental sequence (or Cauchy sequence) in R if for every € > 0 there
is a natural number N, such that n,n’ > N.=d(zp,z,) < €. Every
convergent sequence is thus fundamental. The metric space R is said to
be complete if every fundamental sequence in R converges to an element
in R. A set M in a metric space is said to be compact if every sequence of
elements in M has a subsequence that converges to a point x in R. For an
arbitrary set A/ in a metric space (R, d) it holds that: A is complete if it
is compact and N is closed if it is complete. Furthermore, if R is complete
and N is closed then N is complete.

2.1.4 Linear Spaces and Banach Spaces

A set R is a linear space (or vector space) over a field K if:

e Addition + is defined such that (K, +) forms an abelian group, i.e.,

— for any x,y € R there is one and only one element z € R,
called their sum z = x + v,

— forany z,y e Rt c +y=y +x,

— forany z,y,z€ R: z+ (y+2) = (x +y) + 2,

— there is an element 0 € R with z + 0 = z for all z € R, and

— for every x € R there is a unique element —x € R with
z+ (—z)=0.

e Scalar multiplication x is defined such that

— forany o, f e Kand z € R: a x (8 x z) = (af) X z,
—forany o,feKandz € R: (a+08) xz=axz+ Xz,
—foranya € Kand z,y € R: ax (r+y) =axz+a Xy, and
— there is an element 1 € K such that 1 x z = x for all x € R.

As a convention, we often write ax instead of o X x. From now we will
only consider vector spaces over the real numbers. Although many of the
results in this and the following chapters carry over to vector spaces over
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other fields such as the complex numbers, practically relevant in machine
learning are so far only vector spaces over the reals. This restriction will
often simplify our discussion.

The elements of a linear space are called vectors. Given a linear space
R, elements z1,...,z, € R, and scalars A\1,..., A\, € R, x = Z?:l Aixz; is
a linear combination of x,...,x,. For A1,..., A, > 0 and Z?:l A= 1,
T = Z;L:l Aix; is a convex combination of x1,...,x,. Aset X C R is convex
if for any two x, 2’ € X, all convex combinations of z, 2’ are also in X. The
set of all linear combinations of z1,...,x, € R is called the linear hull (or
span) of x1,...,x,. The set of all convex combinations of z1,...,z, € R
is called the convexr hull of x1,...,x,. The z1,...,x, are called linearly
independent if and only if 3" Nz, =0 A\ =A== ), =0.

A set X C R is linearly independent if and only if every finite subset
of X is linearly independent. A linearly independent set X C R is a basis
of R if its linear hull is R. If the basis of a vector space is a finite set,
the space is called finite-dimensional, otherwise infinite-dimensional. The
cardinal number of every basis of a linear space R is constant and called
the dimension of R. It can be shown that a space is separable if and only
if it has a countable basis.

A function f : M — N mapping elements of one linear space M to
another N is called a linear transformation (or linear operator) if f(x+y) =
f@)+ f(y) and f(ax) = af(x) for all x,y € M and « € R.

A linear space R is a normed linear space if for every x € R there is a
real number ||z| such that

e ||lzf| >0,

o |z]| =02 =0,

e |laz|| = o[z, and
o |lz+ 2| <[z + [l2].

Every normed linear space is a metric space with the function d(z,x’) =
|z — 2'||. A complete normed linear space is called a Banach space. A
subspace of a normed linear space R is a closed non-empty subset £ of R
for which z, 2" € £ implies ax + Bz’ € L for all o, 5 € R.

A function mapping elements of a normed linear space R to a real
number is often called a functional. A functional f is linear if f(az+p2') =
af(z) + Bf(2') for all z,2' € R and numbers o, 3 € R. A functional
f R — R is continuous at a particular = € R if for all € > 0 there is a
d > 0 such that ||z — 2'|| < d=|f(z) — f(2')] < e. A linear functional
is a continuous linear functional if it is continuous for all x € R. Let f
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be a linear functional continuous at x € R, that is short f(z,) — f(x) as
2, — x. This functional is also continuous at any other z’ as with a], — 2’
we obtain

f@h) = fla, — 2"+ 2)+ f(2) = f(x) — f2)+ f(@') = f(2) = f(a') .
A linear functional f : R — R is a bounded linear functional if there
is a b € R such that |f(z)| < bljz|| for all x € R. A linear functional
is continuous if and only if it is bounded. Suppose f(-) is not bounded,
that is for every n € N there is a z, € R such that |f(z,)| > nlz.|-
With ), = oy we have z, — 0 and |f(x])| = m|f($n)| > 1 which
shows that f(-) is not continuous at 0. Conversely, choose b such that
|f(z)| < b||lz| for all z € R. For an arbitrary sequence z, — 0 we have
|f(z)| <bl|lzn]| — 0 and f(-) is continuous at 0. Often ‘functional’ means
‘continuous linear functional’. We will follow this convention.

Addition and scalar multiplication can be defined on functionals f, g as
follows:

e Forallz e R, (f +g)(z) = f(z) + g(x).
e for all z € R and a € R, (af)(z) = af(x).

The norm of a functional is defined as || f(-)|| = sup,cr {|f(z)|/||z| :  # 0}.
The set of all functionals on a normed linear space R is called the dual (or
conjugate) space R*. The conjugate space is always a complete normed
linear space.

A set of points 1, xs, ... in a normed linear space R converges in norm
(converges strongly) to x € R if the sequence ||z; — ||, ||z2 — ]|,... of
real numbers converges to 0. This coincides with the convergence in the
corresponding metric space. A set of points z1,xs,... in a normed linear
space R converges weakly to x € R if for every f(-) € R* the sequence
f(x1), f(x2),... of real numbers converges to the real number f(z). Strong
convergence implies weak convergence, as |f(z,) — f(2)| < |[f()lzn — ]|
for every functional f(-).

2.1.5 Inner Product Spaces and Hilbert Spaces

An inner product space is a linear space R along with a function () :
R x R — R such that

o for all x,y € R: (z,y) = (y,x) (symmetry),
o for all x,y,z € R and a € R: (azx,y) = a(z,y) and (z + z,y) =
(x,y) + (z,y) (linearity), and
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o forall x € R: © # 0= (x,x) > 0 (positiveness).

The function (-, -) is called the inner product. Every inner product space is a
normed linear space with the norm ||z|| = y/(z, ) and thus (Section 2.1.4) a
metric space with the metric d(z,z’) = ||z —2'|| = /{x — 2/, 2 — 2'). In ev-
ery inner product space R the Schwarz inequality | (x,z’) | < ||z||||«’|| holds
for all z,2’ € R. Two elements z,2’ € R with (z,z') = 0 are called or-
thogonal. An orthogonal basis is a basis with pairwise orthogonal elements.
The set of points {x € R : (w,z) = 0} is the hyperplane orthogonal to
w € R. The vector HTwH is called the normal vector of the hyperplane. Two
inner product spaces (R, (-,-)), (R’, (-,-)') are isomorphic if there is a linear
operator f : R — R’ such that for all z,y € R: (z,y) = (f(z), f(y)).

There are different definitions of the term Hilbert space. The most
general definition used for example by Meschkowski (1960) calls an inner
product space H a Hilbert space if

e H is complete with respect to the metric d(z,y) = || — y|| (i-e., it
is a Banach space).

Other definitions used for example by Kolmogorov and Fomin (1960a) re-
quire additionally that

e H is infinite-dimensional and separable.

The Riesz theorem states that for every (continuous linear) functional
f :H — R defined on the Hilbert space H, there is an x;y € H such that
f() = (zy,-), that is f(z) = (xy,z) for all x € X.

In the next section we will introduce a special class of Hilbert spaces im-
portant for the remainder of this book, so called reproducing kernel Hilbert
spaces. It can be shown that every non-separable reproducing kernel Hilbert
space must contain non-continuous functions. Still, the general theory of
reproducing kernels which goes back to Aronszajn (1950) is also applicable
to non-separable Hilbert spaces.

It is important to note that all finite-dimensional Hilbert spaces are
separable and that all separable Hilbert spaces are isomorphic. It is often
not necessary to distinguish between the different realisations of separable
Hilbert spaces. An example of a finite dimensional Hilbert space is the
n-dimensional Euclidean space. Examples of separable infinite dimensional
Hilbert spaces are the spaces lo and La(R, i) for particular choices of R, p.
We next briefly introduce these spaces.
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One important realisation of the Hilbert space is the space Iy in
which the points are all possible sequences = (x1,x2,...) of real num-
bers such that Y >~ 2? < oo (i.e., is finite) and the inner product is
(z,y) = > 2, x;y;. This space can be seen as the infinite-dimensional ana-
logue of the Euclidean n-space. It is separable as it has a countable basis
and it is complete [for a proof see, e.g., Kolmogorov and Fomin (1960b)].

Another realisation of the Hilbert space is the space Ly of square in-
tegrable functions on a set R on which a measure g with p(R) < oo has
been defined. The functions f(-) € Lg are assumed to be measurable and
defined almost everywhere on R. Functions equivalent on R are not distin-
guished!. A function is square integrable over R if the integral fR f2(x)du
exists. The inner product in this space is given by

() a()) = /R F@)g()dp . (2.1)

It is readily verified that this integral is symmetric, linear, and positive,
i.e., satisfies all properties of an inner product. Whether the space Ly is
separable depends on the measure p and whenever more precision about
its detailed properties is necessary, we denote it as Lo(R, ). Whenever
L2(R, p) is separable it is isomorphic to lo.

2.1.6 Reproducing Kernels and Positive-Definite Functions

We begin by giving the definition of reproducing kernels and showing that
they are inner products in the Hilbert space. We then show that the repro-
ducing property is equivalent to positive definiteness of the function. For
more details see [Meschkowski (1960)] and [Aronszajn (1950)].

Definition 2.1. Let H be a set of functions X — R that forms a Hilbert
space. A function k& : X x X — R is called a reproducing kernel if

e for every © € X the function k(z,-) € H and
o for every z € X and every function f(-) € H the reproducing

property holds (k(x,-), f(-)) = f(z).

It follows directly from the definition that every reproducing kernel is
symmetric and that for every reproducing kernel k : X x X — R there is a
function ¢ : X — H such that k(x,z") = (¢(z), #(2’)) for all z, 2" € X. This
function ¢ maps every element of X’ to a function in the Hilbert space of

LOtherwise, the condition = # 0 = (x,z) > 0 would be violated.
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the definition ¢(xz) = k(x,-). Then, by applying the reproducing property
one obtains (¢(z), d(z')) = (k(x,-), k(2', ")) = k(z,z').

Every set of functions has only one reproducing kernel, as for two re-
producing kernels k, k' we have

k(. ) = k' (2, )l
= (k(x,) = K'(2,), k(z, ) = (k(z,-) = K (z, ), K (2,))
= <k($7 ')v k(xv )> - <k/(xa ')v k(xv )> - <k((£, ')7 k/({E, )> + <kl(‘r’ ')a kl(‘r’ )>
=k(z,z) — K (z,2) — k(z,z) + k' (z,2)
=0.

In every Hilbert space that admits a reproducing kernel, weak con-
vergence of a sequence of functions fi(-), fa(),... € H to f(-) €
‘H implies pointwise convergence: By weak convergence, the sequence
(f1(), k(z, ), (f2(-), k(x,+)), ... converges to (f(-),k(x,-)) and the repro-
ducing property implies then the convergence of fi(z), fa(z),... to f(z).

Let H be a Hilbert space of functions X — R and define for fixed x € X
the function ' : H — R by 2’ (f(-)) = f(x). The Hilbert space H has a
reproducing kernel if and only if for every fixed x € X, 2/(-) is a continuous
linear functional. With the reproducing kernel k£ : X x X — R of H we can
show that the functional 2/(-) is bounded as

2 (fO) [ = If @) = [, ), FO) | < Mk, MFON = 1 OIVE(, x)

Conversely, if the functional 2/(-) is bounded, according to Riesz’ theo-
rem, there is an x¢(-) € H such that z'(-) = (zs(-),-). Applying this
function to f(-) we see that k(z,-) = x(-) has the reproducting property
(h(w,), FO)) = (27(), FO)) = 2/ (F() = f(2).

This shows immediately that the Hilbert space [5 has a reproducing
kernel, while Ly has not. The Hilbert spaces of functions that we will later
be interested in, are either viewed as [5 or as subspaces of Ly. Next we
define what is meant by ‘positive definite kernel’ and show the equivalence
of reproducing and positive definite kernels. This will provide us with a
straightforward way of checking whether for a given function k : X x X — R
there is a Hilbert space in which this function is the reproducing kernel.

Definition 2.2. Let & be a set. A symmetric function k¥ : X x X — R
is a positive definite kernel on X if, for all n € N, z1,...,z, € X, and
c1,...,¢cn € R, it follows that

Z Ci Cj k‘(l‘i,l‘j) Z 0 .

i,5€{1,...,n}
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A positive definite kernel k is a strictly positive definite kernel, if x; =
x; <1 = j implies that
Z C; Cj k(xi,xj) =0
ije{l,..n}
only ifc; =---=¢, =0.
Note that this definition is equivalent with the matrix K with
K;; = k(x;,x;) being (strictly) positive definite for all possible choices

of x1,29,...,2, € X with ; = z; & i = j (see also Section 2.1.7).
Every reproducing kernel is a positive definite kernel as

chcj :cl,:cj <ch (x4, ), ZCZ (24, - >20.

4,5=1
For the converse consider the set F of functions f : X — R of the form
f() =2, auk(zi,);21,29,... € Xj0q,a9,... € R with positive definite k.
For any two functions f(-) = 3, aik(ws,-), g(-) = >, Bijk(z},-) in F we
can define an inner product by

= Zalﬂjk(:ﬂ“x;) . (2.2)
2

This inner product is clearly linear and symmetry follows from &k being
symmetric. To see that also f(-) # 0(-) = (f(:), f(-)) > 0, assume the
contrary. Suppose there was such a function z(-) = >, ¢;k(z;,-) # 0()
with (z(-),z(+)) = 0 then

12(:) = 0()[I* = (2(-), 2()) = 2{2(-), 0(-)) + (0(-), 0(-)) = 0

contradicts the assumptions.
Furthermore, as k(z,-) € F for all z € X we obtain the reproducing
property from the inner product (2.2) by

(FC) k() = <Zaik<xi, ), k(a, ->> = Zaikm,x) = f(x) .

Now, the set F together with the limits of all Cauchy-sequences of
functions from F forms a Hilbert space.

2.1.7 Matriz Computations

Although most statements in this section hold for general matrices we con-
sider for simplicity only real matrices. A real nxm matriz A is a rectangular
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collection of real numbers. For ¢ = 1,...,n and j = 1,...,m the (¢, 7)-th
element of A is denoted as A;; € R. Every row (column) of a real matrix
forms thus a vector in the Euclidean space R™ (R™). Every n X m matrix
denotes a linear transformation R™ — R™.

The rank of a matrix is the number of linearly independent rows or
columns of the matrix. An n X n matrix A is regular if its rank is equal
to n, otherwise singular. For regular A there exists a unique matrix (its
inverse) denoted A~! such that A='A = I. For singular A there exists no
matrix C such that AC =1.

A symmetric matrix A is positive definite if ¢” Ac > 0 for all vectors
c. A is strictly positive definite if ¢ Ac > 0 for all vectors ¢ # 0. A is
indefinite if there are c;,c_ such that cIAch > 0 and ¢’ Ac_ < 0. For
every singular matrix A there is a ¢ such that Ac = 0 and thus ¢ Ac = 0.
If A is strictly positive definite, there is no such ¢ and it follows that A is
regular.

A vector u is called an eigenvector of a matrix A if there is a A such that
Au = Au; A is the eigenvalue corresponding to u. A symmetric n X n matrix
A always has real eigenvalues and the eigenvectors can be chosen to form an
orthonormal basis of R"™. Denote the eigenvalues (sorted in non-decreasing
order) by A; and the corresponding normed eigenvectors by wu;. Let D be
the diagonal matrix with elements \; and let U be the matrix with columns
u;. As the u; are orthogonal, UT = U~!. By definition of the eigenvalues
and eigenvectors we have Au; = u;A; or in matrix form AU = UD. Here
A = UDU™! is known as the diagonal- or eigen-decomposition of A and
from

I=U(D ' (U 'v)D)U ' = (UD'UT) (UDUT)

we obtain A~' = UD~'U~! where [D_l]“. = 1/X;. Equivalently, we can
write A =", Nusul and A7 =3 A Tuu]

Consider now a symmetric matrix A with only non-negative eigen-
values. Then VD exists and A is positive definite as ¢'Ac =
(CTU\/E) (\/EU Tc) > 0. This also shows that for every positive defi-

nite matrix A there is a matrix B such that A = BT B. Now recall that
the columns of U form a basis of R™ and thus at least one component of
U'c is non-zero. If the eigenvalues of A are all non-negative (positive) it
follows that the corresponding component of /DU "¢ is also non-negative
(positive) and therefore A is positive definite (strictly positive definite).
The converse also holds, as with a negative (zero) eigenvalue \;, and
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corresponding eigenvector u; we obtain

u;»rAuj = u;r (Z Amm?) uj = Z(u;ul))\z(u;ruj) =\

K3
and A cannot be positive definite (strictly positive definite).

It follows that A is positive definite if and only if A has only non-negative
eigenvalues and that A is strictly positive definite if and only if A has only
positive eigenvalues.

Now let A, B be two square matrices of dimensionality n X n and m x m,
respectively. Their Kronecker or tensor product H = A® B is a mn X mn
matrix with

Hi12j12 = Ailjl Bizjz

where 719 = i1 + nis and J12 = J1 + njo.
With u, A and v, v eigenpairs of A, B we set w = u®u (i.e., w;,, = Ui, Vi, )
to obtain

E wi12Hi12j12 :E uilvizAilleimJQ

i12 1182

= (Z Uiy Ai1j1> <Z UizBi27jz>

:/\U‘jl Vvj, = )‘ijm

and thus the vector u ® v is an eigenvector of the matrix A ® B with
corresponding eigenvalue A\v. An important conclusion of this is that A® B
is (strictly) positive definite, if and only if both A and B are (strictly)
positive definite.

2.1.8 Partitioned Inverse Equations

Another very useful tool for the following sections are the so called parti-
tioned inverse equations [Barnett (1979)]. Let A, B be two regular matrices

with
A11 A12> <B11 312)
A= andB = *
<A21 A22 B21 322 ( )
and A;;, B;; of dimensionality n; x n;. Now consider the case AB =1, i.e.,
B = A~'. We will show how to obtain the blocks B;; of B only using the
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blocks A;; of A. Note that as A is regular, so is B and so are the blocks
A;;, Bij of A, B. From (*) we obtain

A11B11 + A12Bor =1 (a)
A11B12 + A12B22 = 0 (b)
A1 B11 + A2aBa1 =0 (c)
A21B1a + A2aBas = 1. (d)

Solving (c¢) for Bs; and substituting this in (a) gives
I= A, By — AppAs) Asy By

By = A — A1p Ay Ay

By = (A11 - A12A§21A21)_1 .
Substituting this back into (c¢) shows that

0= Ay (An - A12A2_21A21)71 + A29B2
By = *A2_21A21 (An — A12A2_21A21)71 .

Similarly we can of course obtain

Byy = (A22 — A21A1_11A12)71 .

These equations are of particular interest for the case ny = 1. In that case,
for kernel methods whose hypothesis is computed via matrix inversion, the
inverse can be updated whenever a new training instance is observed.

2.2 Recognising Patterns with Kernels

In the introduction to this book we already described a machine learning
problem. The class of problems similar to the one described there is com-
monly referred to as supervised learning problems. With the mathematical
tools described in the previous section at hand we are now ready to have a
closer and more formal look at supervised machine learning.

2.2.1 Supervised Learning

The drug design problem described in the introduction was that we wanted
to find a function that estimates how effective a chemical compound is in
treating a particular illness. The way we wanted to find such a function was
by looking at other chemical compounds known to to be effective or not. In
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more general terms, the chemical compounds for which the effectiveness is
known are called training data. The training data is a finite set of instances
(e.g., the chemical compounds) with associated labels (e.g., the effective-
ness). It is sometimes necessary to distinguish between the instances and
their representation in a computer understandable form. This distinction
is not necessary in this chapter and we neglect it for simplicity. The task of
supervised machine learning algorithms is to find a function that estimates
the label of instances for which we might not know the label. The instances
for which we want to estimate the label are called test instances. The set
of test instances, the test data, is usually only known after an estimating
function has been found. This is called inductive learning; if it is known be-
forehand, we speak of transductive learning. The set containing all possible
instances is called the instance space.

We denote the instance space by X and the set of possible labels by ).
For Y = R the learning task is called a regression task and for |Y| € N
a classification task. The special case that |Y| = 2 is called binary clas-
sification. There, without loss of generality, it is commonly assumed that
Y={-1,41}, Y = {0,41}, or Y = Q = {T, L}. Often estimating func-
tions for binary classification problems compare a numerical output of one
function with some threshold value. If the numerical output is larger that
the threshold then the label +1 is predicted, otherwise —1. A somewhat
different machine learning problem that is gaining importance recently is
called ranking. There, instead of deciding whether a single instance is more
likely to have a positive label rather than a negative label, we want to or-
der (rank) the test data according to every instance’s likelihood of having a
positive label. A simple approach to ranking, which works with thresholded
functions described above, is to use the numerical output directly, rather
than compare it to the threshold. The order of the test examples is then
the order induced by the order of the reals.

Usually, not all possible functions mapping instances to labels are con-
sidered as possible estimating functions. The set of functions that is con-
sidered is called the hypothesis space F C {f(-) | f : X — YV}. A learning
algorithm can be seen as a function (with some parameters that we neglect
here) a : 2¥*Y — F mapping given training data to a hypothesis.

Given some training data, a function that assigns to every instance in
the training data its associated label is called consistent. The intersection of
the set of consistent functions with the hypothesis space is called the version
space. A learning algorithm that maps every set of training instances to an
element of the corresponding version space is a consistent learner.
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If the label associated to an instance is independent of the instance,
finding a function with good predictive performance is impossible. Thus
one needs to assume a functional or conditional dependence between the
instance and the associated label. A functional dependence means that
there exists a function g such that for all x € X, the label y of the instance
x is determined by g, that is y = g(x). In a binary classification setting
this function is called the concept. A more general setting only assumes a
conditional dependence, meaning that the instance-label pairs are observed
according to a fixed but unknown joint probability distribution P with
P(z,y) # P(z)P(y).

Still, if we make no further assumptions on the kind of dependence
between instances and associated labels, for every function g : X — Y
that the learning algorithm can approximate well given the training data
Z = {(zi,y;)}-; C X x ), there is a function ¢’ : X — ) that the learning
algorithm can not approximate well given the same training data Z. For
example, in a binary classification setting with ) = {—1,+1}, a ¢/(-) can
be constructed from g(-) by setting ¢'(z) = g(z) = y for all (z,y) € Z and
g'(z) = —g(x) for all z not in the training data. In other words, if every
possible dependence was equally likely to underly the data, there would be
no reason to prefer any consistent function over another. Every consistent
function would — on average — estimate the labels equally good (or bad)
as randomly guessing the labels of instances not in the training data. This
is known as “No Free Lunch” [Wolpert and Macready (1995, 1997)].

The usual way to overcome this problem is by assuming that dependen-
cies occurring in nature are not as illicit as theoretically possible and that
“smooth” dependencies are more likely to occur than non-smooth ones.
This assumption can directly be incorporated into learning algorithms as
we will see later.

2.2.2 Empirical Risk Minimisation

The usual learning model of statistical learning theory [Vapnik (1999, 1995)]
considers a set X of instances and a set ) of labels. The relation between
instances and labels is assumed to be a probability measure P(-,-) on the
set X x Y. In our setting this probability measure is unknown but does not
change (e.g., over time). In other words, one assumes conditional depen-
dence of labels on individuals only. The learning task is then — given a set
of individuals with associated labels {(z;,y;)}7~; € X x Y (observed ac-
cording to P(-,-)) — to find a function that estimates the label of instances
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in X.

Given a hypothesis space F of functions F C {f(-) | f : X — YV}
considered as possible solutions, the learning task is to find a function in
F that minimises the true risk

RO = [ Vi f@)iry (2.3
XxY

where V' : Y x )Y — R is a loss function that takes on small values whenever
9 = f(x) is a good guess for y and large values whenever it is a bad

guess. A typical loss function for regression problems is the square loss
V(y,9) = (y — 9)%. If P(y|lr) was known, the ideal prediction function
could be computed as: f(z) = [ ydP(y|z).

As neither P(y|z) nor P(x,y) are known, we cannot compute the ideal
prediction function nor the true risk of an arbitrary function f(-) € F. As
mentioned in the previous section, just finding any consistent element of
the hypothesis space is not sufficient if the hypothesis space contains all
possible functions from instances to labels.

One approach to machine learning is to restrict the hypothesis space to
smooth functions only and to then look for the element of the hypothesis
space that minimises the empirical risk, defined as

Renpl ) = Y 2V (3 £ (01)) (24)

For binary classification with the so called 0/1-loss (Vy,1(y,y) = 0 and
Voy1(y,9) = 1if y # 7, the empirical risk equals the training error — the
number of misclassified instances.

A different but related approach is to choose a rather large hypothesis
space but bias the learning algorithm such that smooth functions are pre-
ferred as solutions. In Section 2.3 we will follow this approach to derive the
class of learning algorithms known as kernel methods.

2.2.3 Assessing Predictive Performance

Learning algorithms compete in different criteria. Two important ones
are computation time and predictive performance. The computation time
can be assessed theoretically in terms of the computational complexity of
a learning algorithm or practically by measuring the time needed for a
given task. In this section, we describe how the predictive performance of
supervised classification algorithms can be assessed. We will not discuss
regression problems here.
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An important tool in the analysis of the predictive performance is the
contingency table, a square matrix where each row and column correspond
to one class? and the %, j-th entry contains the number of examples of class
i classified as class j by the learning algorithm. In cases where making a
mistake on one class has a different cost than making a mistake on another
class, the i, j-th entry of the contingency table is usually multiplied by
the associated misclassification cost. The diagonal corresponds to correct
classifications and has usually cost zero.

Two different ways to compare the performance of supervised classifi-
cation algorithms are known as error rate and Receiver Operator Charac-
teristic (ROC). We first introduce the error rate criterion which tries to
estimate the true risk of a learning algorithm on a given problem. This is
usually done by using one or more validation sets, consisting of instances
for which the label is known but that were not used as training data. The
accuracy is the number of correctly classified instances in the validation set
divided by the total number of examples in the validation set; the error rate
is the number of incorrectly classified instances divided by the total number
of instances in the validation set. If there is more than one validation set,
the true risk is estimated by averaging the error rate over these validation
sets.

Whenever the amount of labelled data is limited, techniques like hold-
n-out or n-fold crossvalidation are used. In hold-n-out experiments, re-
peatedly n randomly drawn instances are removed from the training data
and used as the validation set. In n-fold crossvalidation, the data set is
partitioned into n roughly equally sized sets (the folds) and n experiments
are performed, each using n — 1 sets for training and one set for validation.
The special case where n equals the size of the dataset is known as leave-
one-out evaluation. Often the folds are stratified, i.e., they are generated
such that the class distribution in all folds is roughly the same.

Recently, an alternative way of comparing the predictive performance
on binary classification problems has become popular in the machine learn-
ing and data mining communities [Provost and Fawcett (2000)]. Instead
of using a single criterion like error rate or accuracy, Receiver Operator
Characteristic (ROC) uses two criteria and is thus able to overcome some
shortcomings of merely accuracy based comparisons: Measuring accuracy
is only meaningful if the class distribution and misclassification costs in the
target environment are known and do never change [Provost et al. (1998)].

2Each class is, for simplicity of notation, here represented by a natural number.
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ROC compares the ranking of test examples rather than their binary clas-
sification.

In the two-dimensional ROC space each classifier is represented by its
true-positive rate (the fraction of positive examples correctly classified) and
its false-positive rate (the fraction of negative examples incorrectly classi-
fied). The ideal classifier (sometimes called ‘ROC heaven’) has true-positive
rate one and false-positive rate zero; the worst possible classifier (sometimes
called ‘ROC hell’) has true-positive rate zero and false-positive rate one.
The default classifiers that classify either all examples as negative or all
examples as positive have both rates equal to zero or one, respectively.

Learning algorithms that produce a ranking of examples can be seen as
a set of classifiers, each of which corresponds to a cut-point in the ranking.
Instances ordered before the cut-point are thought of as positive instance,
all others as negative instances. As each classifier corresponds to one point
in ROC space, a ranking corresponds to a curve in ROC space. This curve
illustrates the possible tradeoffs between true-positive and false-positive
rate.

For any set of classifiers in ROC space (including the default classi-
fiers), the tradeoffs corresponding to the convex hull of the classifiers can
be achieved by random sampling between the classifiers. The idea behind
ROC curves and ROC convex hulls is that instead of committing to a par-
ticular misclassification cost setting and class distribution in the test set
when learning the classifier, we can instead delay this commitment until a
particular test case occurs.

Given a particular misclassification cost setting and class distribution,
all classifiers that perform equally well in this setting form a line in ROC
space — the iso-accuracy line. A more detailed characterisation of common
evaluation functions in ROC space can be found in [Flach (2003)]. A set of
classifiers dominates another, i.e., is superior to another under all misclas-
sification cost settings and class distributions, if the other set is completely
contained in the convex hull of this set. The predictive performance of two
sets, none of which dominates the other, can be compared without commit-
ting to a particular setting by using the area under curve (AUC) measure
as an aggregate of the predictive performance. This is, however, only ben-
eficial if the misclassification costs are not known. The area under curve
for a given set of classifiers is computed as the area of the convex hull of
the union of the set of classifiers (including the default classifiers) and ROC
hell. In the ranking context, the area under curve estimates the probabil-
ity that a randomly chosen positive example is ranked before a randomly
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chosen negative example.

To overcome the dependency of ROC analysis on a single test-set, it is
desirable to combine ROC analysis with crossvalidation techniques. How
to best average ROC curves, however, is still a matter of scientific dispute.
In this work we will consider averages of the area under the curve rather
than averages of ROC curves themselves.

2.3 Foundations of Kernel Methods

This section introduces the theoretical background of kernel methods. Parts
of this section follow along the lines of [Tan and Fox (2005); Neumaier
(1998); Poggio and Smale (2003)]. Before we go into general topics related
to kernel methods we begin with a simple example motivating different
aspects of kernel methods.

2.3.1 Model Fitting and Linear Inverse Equations

Let us first consider the simple case that X = Y = R and assume that the
hypothesis space F is the space of linear functions on R. In this case the
general learning problem reduces to the attempt of fitting a linear model
to the observed data.

In a more general case, we consider an arbitrary set X and a hypothesis
space F that consists of all linear combinations of a set of basis functions B,
ie., F = span(B). Often these functions are obtained by “centring” some
symmetric function at the elements of X, that is B = {k(z,-) | z € X'} for
some symmetric function k : X x X — R. We now consider the problem
of finding a function in F that best approximates the given training data.
In particular we will only consider the case that the hypothesis is a linear
combination of basis functions centred at the training instances.

Let K be an n x n matrix with K,; = k(z;,x;), let y be the vector
(y1,---,yn) ", and ¢ be an n-dimensional vector with components c¢;. Find-
ing ¢ such that K¢ best approximates the given training data is known as a
model fitting problem. If K is regular, the function minimising the empiri-
cal risk with square loss can — in principle — be found by solving y = K¢
that is by computing ¢ = K ~'y. The empirical risk with this choice of ¢
is 0. This kind of linear inverse equations have been studied since Gauss
(1880).

However — even if K is regular — this is usually not a good idea. We
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will now show under which conditions the solution ¢ of y = Kc is very
instable under small perturbations of y. This is a crucial point in learning
algorithms as usually we can not hope to observe labels y free of noise.

Denote the eigenvalues of K (absolute values sorted in non-decreasing
order) by A; and the corresponding eigenvectors by u;. Now recall (from
Section 2.1.7) that K—% = 3", \; 'u;u; and therefore the solution of y = K¢
is given by

) T 19

3
If y is perturbed by random noise, i.e., we observe y + r instead of y,
the difference between ¢ and K ~!(y + r) is given by

Z u; <ui’ T>
i Ai

where the error term along the direction of u; arises from the noise along
u; divided by the corresponding eigenvalue. Thus with very small eigenval-
ues, there is a large random component in c. For linear inverse equations
the ratio between the largest and the smallest eigenvalues is known as the
condition number. Problems with a large condition number are said to be
ill-conditioned.

To overcome this problem, consider solving y = (vnl + K)c instead of
y = Kc. In this case the eigenvectors of vnl 4+ K are the same as those of
K but the eigenvalues are larger:

(K +vnl)u; = Ku; + vnlu; = ui\; + vnu; = ui(A; +vn) .

If all eigenvalues of K are non-negative, it follows that the larger v
becomes, the smaller the condition number of this linear inverse problem
becomes and the more stable its solution becomes with respect to noisy
training data. The above observations motivate two crucial characteristics
of kernel methods: Firstly, as only the condition number of positive definite
matrices can be improved in the above way, kernel methods consider only
positive definite k. Secondly, kernel methods consider solving regularised
problems (vnI+ K )~y rather than the less stable problem K 'y, directly.
We will return to these characteristics in the next section.

2.3.2 Common Grounds of Kernel Methods

In the previous section we already discussed — rather informally — one par-
ticular kernel method called regularised least squares. Before we come to
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describe this and other kernel methods in more detail, we will in this and
the next section discuss the common grounds of most kernel methods.

We already described in Section 2.2.2 that minimising the empirical risk
is not always sufficient to find a function with good predictive performance.
We mentioned there two different methods to overcome this problem. The
first was to restrict the hypothesis space, the other was to bias the learning
algorithm towards more stable functions. In the example in Section 2.3.1 we
then combined these methods. We restricted the hypothesis space to linear
combinations of a positive definite function centred at training instances
and biased the learning algorithm towards functions that are stable with
respect to noisy training data. The restriction to positive definite functions
makes the hypothesis space a reproducing kernel Hilbert space.

Techniques to bias learning algorithms to more stable solutions are
known as regularisation and are build into almost all state of the art learn-
ing algorithms. The most common approach to regularisation in Hilbert
spaces is Tikhonov regularisation [Tikhonov (1963); Tikhonov and Arsenin
(1977)], where a regularisation term is added to the empirical risk. This
gives rise to the reqularised risk functional

Rlehonov [f Z V yz, 1'2)) + 29 [f( )]

Different functionals can be chosen for the regulariser Q@ : H —
R.  Smoothing splines [Wahba (1990)], for example, use Q[f(:)] =
fab(f(m) (z))2dz where f(™)(.) denotes the m-th derivative of f(-). Ker-
nel methods like the ones introduced later in this section are characterised
by using the square-norm of the function f(-) in the corresponding Hilbert
space as the regulariser, that is essentially a smoothing spline with m = 0.
As we will see later, when choosing square loss, this leads to the approach
taken in the previous section to improve the condition number of a linear
inverse problem. Another consequence (that we will discuss in the following
section) is that the solution of the optimisation problem can be represented
in the form f*(-) = Y, ¢;k(z;,-). For now we obtain the following opti-
misation problem

min — Vi, f(z)) +v 2.5
f()eHnZ (i £ (@) + VI F O3 - (2.5)

Different kernel methods arise from using different loss functions. We
generally assume that the function V(y,-) is convex in order to ensure
uniqueness of the solution and to resolve numerical problems. However,
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before we turn our attention to the different kernel methods, we will first
investigate the form of solutions to the regularised risk minimisation prob-
lem.

2.3.3 Representer Theorem

The solutions of (2.5) can always be written in the form
Fol) = cik(zi, ) + o)
i=1

where the {x;}}"_, are the training examples for which the labels are known
(as above), k(-,-) is the reproducing kernel of the Hilbert space H, and
v(-) € H is orthogonal to all k(x;,-) but otherwise arbitrary.

The representer theorem [Wahba (1990); Scholkopf et al. (2001)] states

that the solutions of (2.5) have the form
n
[y =) cik(zi,) . (2.6)
i=1

This means that we do not have to consider all elements of the reproducing
kernel Hilbert space as potential solutions of the regularised risk minimi-
sation problem. Instead it is sufficient — without loss of generality — to
only consider linear combinations of kernel functions centred at training
instances.

Technically, in this subsection, we first show that the values of f,(-)
are the same on all training points regardless of the choice of v(-). This
is known as the weak representer theorem. We then show that out of all
fo(4)s () = fo(+) is the one with the smallest norm. This is known as the
strong representer theorem.

For any training example x; we have

Folw) = cik(wi, o) +v(x)

=1

= Zcik(mi, 33]) + <k‘(l'], )71]()>

= i cik(a:i, a:j)
i=1
= J7(x5)
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using the reproducing property of k(-,-) and orthogonality of k(z;,-) and
v(+). This shows that the f,(-) form an equivalence class of functions that
have the same value at all training examples.

Now let us consider the norm of the functions in this equivalence class

n 2
1£o G = | Y ikl ) + ()
i=1 H
n 2
=D ekl || + 005
=1 H
n 2
> > k(i)
=1 H

£ ()5, -

We observe that for every function v(-) that is not equivalent to the
function returning always zero, it holds that | f,(-)|I3, > [|/*(-)||3,- Thus
the optimal solution to (2.5) has the form (2.6) and the regularisation term
reads as

1O = < cik(i, ')aZCik(%')>
i=1 i=1
= D ey (blai, ), bl )
i,j=1
= Z CiCjk'(fEi,ij)
i,j=1
=c'Kc
where K;; = k(z;,2;) and ¢ = (c1,...,¢,)". Note furthermore that

f*(x) = ¢k with k; = k(z;, x).

When discussing some kernel methods in more detail in the next section
we will use this insight to reduce the problem of minimising the regularised
risk functional to a simple problem of linear algebra. Note that in algo-
rithms that enforce sparsity of the solution, the elements of {z; : ¢; # 0}
are called support vectors. Sparseness means then [{z; : ¢; # 0} < n.
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2.4 Kernel Machines

In this section we describe several learning algorithms that can be applied to
an instance space, whenever a kernel function can be defined on the instance
space. These algorithms will later be applied to various data structures in
the remaining chapters of this book. All but the algorithms described in
the last section use the Hilbert space in which the kernel is reproducing
as their hypothesis space. The algorithms in the last section exploit that
every Hilbert space is a metric space.

2.4.1 Regularised Least Squares

The simple algorithm briefly introduced in Section 2.3.1 has become known
under several different names: regularised least squares [Rifkin (2002)],
prozimal support vector machine [Fung and Mangasarian (2001)], least
squares support vector machines [Suykens (2000)], ridge regression [Saun-
ders et al. (1998)]. We will call it the regularised least squares kernel method
and describe it in this section in more detail.

We begin our more detailed discussion of this algorithm with the regu-
larised risk functional (2.5)

mln —ZV (yis f(x2) + VI F I

f(eH N

While there are variants of this algorithm for classification, we will fo-
cus on the regression case here. The regularised least squares problem is
obtained by choosing the square loss function, i.e., V(y,9) = (y — §)%. The
advantage of choosing square-loss is that in this case — as we shall see
below — an analytical solution to the minimisation problem exists. In this
case the regularised risk functional reads as follows:

min =3 (s — f(20)? + IO - (2.7)

fOER N £
i=1

Now plugging in our knowledge from Section 2.3.3 about the form of solu-
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tions (2.6) we can simplify the regularised risk to a linear algebraic form

Rus[f()] = *Z )2+ v f ()3

n

*—Z y172 cjk(zj,x;) | +ve' Ke

Jj=1
=- IIy — K¢|* +ve Ke
n

;ls [C]

and obtain the equivalent optimisation problem

1 -
- K Kc . 2.8
min — [ly — Ke||” +ve' Ke (2.8)

We can further rewrite R/, [c] to obtain

rls 1€

1
'l == (y—Ke,y— Ke)+ve Ke

rls

2 1
(y,y) — = (y,Kc) + — (Ke,Kc) +ve Ke
n n

SI—3 I3

2 1
(y.y) — = (y, Kc) + —c" K?’c+ve' Ke
n n
Calculating now the gradient with respect to ¢ we obtain
2 2 5
v ers[ ] = _7Ky+ -K c+ 2vKce .
n n

Similarly we obtain the second-order partial derivatives as:

P []—+3[K2] + 2vK,
aClaCm rls Cl = n Im Vi\|m .
The matrix H with H,, = —%— R/ c] is called the Hessian matriz of

c10Cy, ~ 1ls
"sl]- As K is positive deﬁr?itlg, K? is also positive definite, and in par-
ticular the Hessian is also positive definite. This is sufficient for R/ []
being a convez function. That is, for any ¢, ¢ € R™ and X € [0, 1] we have
1s A+ (1= A) ] < AR [e] + (1 = M) R[]

Therefore any solution to ERLIS[ c] = 0 is a globally optimal solution
to (2.8) — and therefore to (2.7) by using (2.6). If K is strictly positive
definite, Rys[f(+)] is strictly convex, and there is a unique global optimum

that we obtain as:
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/

oy

|

Figure 2.1 Illustration of regularised least squares on two different toy problems.

VC R;ls [C] =0
gKy ~ 22, +2UKec
n n
Ky=K?+vnKc
y= Kc+vnlc
y=(K+vIn)c.

Furthermore, as K is positive definite, the matrix (K + vIn) is strictly
positive definite for v > 0 and thus regular. We can now find the globally
optimal solution to (2.8) as:

c=(K+vin) 'y
This links back to the simple algorithm discussed in Section 2.3.1. A related
algorithm will be discussed in Section 2.4.3.

We close this discussion of the regularised least squares algorithm with
some illustrations of the type of hypotheses that can be found. In Figure 2.1
the training examples are pairs of real numbers z € R? illustrated by black
discs and circles in the figure. The target variable y takes values —1 for the
black discs and +1 for the black circles. We applied regularised least squares
to two different problems and used a different kernel function for both
problems. (See Section 3.1.4 for illustrations of other kernel functions.) Test
instances consist of all points in the two-dimensional plane and the value
of the hypothesis function is illustrated by the colour of the corresponding
pixel. Examples with non-zero coefficient in the hypothesis function are
marked with a cross.
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Figure 2.2 TIllustration of support vector machines on two different toy problems.

2.4.2 Support Vector Machines

Next we introduce the most popular kernel method — the support vector
machine, first introduced by [Boser et al. (1992); Vapnik (1995)].

The motivation for support vector classification often taken in literature
is that whenever zero training error can be achieved, the solution can be
interpreted as a hyperplane that separates both classes and is maximally
distant from the convex hulls of both classes. However, this motivation is
lost in the case where zero training error can not be achieved.

Another possible motivation for the support vector machine is that eval-
uating the function (2.6) as found by the regularised least squares method
is expensive. The computational cost could be reduced if the vector ¢ in the
solution was sparse. However, this is usually not the case with the square
loss function. It turns out that in the pattern recognition case a sparse so-
lution can be found with the so-called hinge loss V (y, ) = max{0,1 — yg}.
In the regression case a sparse solution can be found with the so-called e-
insensitive loss V (y, ) = max{0, |y — §| — €}. The difference between these
loss functions and, say, square loss is that small deviations of the prediction
from the true label do not cause a non-zero loss. As can be seen in equation
(2.11) below, the smaller the ¢;, the smaller the regularisation term. Thus
¢; will be set to 0 if this does not cause a too big deviation from the true
label.

The impact of this can be seen by comparing Figure 2.1 with Figure
2.2 where we used the same training instances, class labels, and kernel
functions in different algorithms. Figure 2.1 is described in Section 2.4.1 and
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illustrates the hypothesis found be the regularised least squares algorithm.
Figure 2.2 illustrates the hypothesis found by a support vector machine. In
both figures, examples with non-zero coefficient in the hypothesis function
are marked with a cross. Clearly, the hypothesis found by a support vector
machine is more sparse.

In this section we will only consider the classification case, i.e., using
hinge loss.

Primal SVM Problem Plugging hinge loss into equation (2.5) we ob-
tain

i, *Zmax{@ L—yif (@)} + v F ) - (2.9)

JEH N

Usually this is written as a constraint quadratic optimisation problem with
so called ‘slack variables’ &;
n
: 1 2
min = i + v :
ol ; & +vllfC)5

_ (2.10)
subject to: y; f(z;) >1-¢& i=1,...,n

5120 i:l,...,n
Using the representer theorem (2.6) we obtain the primal optimisation prob-
lem of support vector machines

mln VC
Jmin Z &+

(2.11)
subject to: y; K;.ce>1-& i1=1,...,n

& >0 i=1,...,n

Most literature on support vector machines considers functions of the

type f(-) = >, cik(x;, ) + b rather than the ‘restriction’ to b = 0 as

n (2.6). This restriction can be overcome, however, by using the kernel

E(x,2") = k(z,2’) + 1 instead [for a discussion of this see, e.g., Rifkin
(2002)].

v-SVM Problem While we used the parameter v above, this type of
support vector machine is more known as C-SVM. We chose the different
parameter for the sake of more consistent notation within this book. The
v-SVM [Smola et al. (2000)] has a slightly modified optimisation problem.

1 TK

cgeﬂ%ﬂ e Z§Z+Vp+c ¢
subject to: y; K;.c > p—&; i=1,...,n (2.12)
&ZO izl,...,n
p=0.
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The parameter v in this optimisation problem is an upper bound on the
fraction of errors on the training set, i.e., the number of support vectors on
the wrong side of the hyperplane. This simplifies choosing the regularisation
parameter in domains where one has a good guess of the expected error.
Similar to the discussion of the regularised least squares algorithm we
can now see that the objective function of (2.11) and (2.12) is convex be-
cause it has a positive definite Hessian matrix. However, this optimisation
problem is more difficult, as an analytical solution does not exist. Still,
the objective function is a convex quadratic function and the constraints
are only linear. There is a lot of literature on general methods for solv-
ing this kind of problems. Using tools from mathematical optimisation,
the so called ‘dual’ problem of (2.11) and (2.12) can be derived, which is
computationally more tractable than the primal problem derived above.

The Lagrange Dual SVM Problem We now describe how the dual of
problem (2.11) can be derived. Counsider first the ‘Lagrange’ function:

I %Zfi-i-VCTKC_ZO“ inCjk'(ﬁL'i,ﬁL‘j) -1+ —Zﬁi&
i=1 i=1 j=1 i=1

(2.13)
or equivalently

1
L=-1"¢+vc'Kc—a'YKc+1 a—a'¢-0"¢ (2.14)
n

where Y is the diagonal matrix with Y;; = y; and «, 3, & are the vectors
with compotnents oy, 5;,&;.

For any ¢, € that satisfy the constraints of (2.11) (these are called ‘fea-
sible’) and any «;, 3; > 0 the Lagrange function (2.14) is a lower bound on
the solution of (2.11). Indeed, for the case at hand, it can be shown that
the saddle point of (2.14) which is a maximum with respect to «, 3 and a
minimum with respect to ¢, & coincides with the minimum of (2.11). It will
turn out that the problem of finding this saddle point is easier to deal with
than the original (primal) optimisation problem.

We proceed by differentiating with respect to the parameter £ of the
primal problem and setting the gradient to zero.

VeL=11-a-p=0
& B = %1 -«
As (3;,a; > 0 we can see that 0 < o; < % If we substitute 8 = %1 — o in
(2.14) we obtain:

L=vc'Kc—a'YKc+1"a (2.15)
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Differentiating again, now with respect to ¢, we obtain
0=V.vc'Kc—a'YKc+1'a=2vKc— KYa
& 0=2vc—Ya
& c= iYoz .
Substituting this into (2.15), we obtain

1 1 1
L=—aYKYa- —a'YKYa+1Ta=-—a ' YKYa+1"Ta
4v 2v 4y

and with Q = Y KYthe dual SVM problem
1T T
gg%é - Qa+1'a
subjectto:()gai§% i=1,...,n.
If we last but not least substitute & by 2va we obtain
max —%aTQa +1Ta
ek (2.16)
subjectto:OSozi§$ i=1,...,n.

The constraints in (2.16) are known as the box constraints. This problem
is simpler than (2.11) as it contains simpler constraints. To solve it, stan-
dard quadratic programming tools can be used but as the support vector
optimisation problem is more specific than the general quadratic program-
ming problem, specialised solutions can be found that are faster than using
of-the-shelf optimisation algorithms [Platt (1999); Joachims (1999)].

SVMs with Quadratic Penalties We can alternatively start with
squared hinge loss and obtain the optimisation problem:

n
min 13 24+ ve'Ke
c,éeRm ™ T

(2.17)
subject to: y; K;.c > 1 —¢; t1=1,...,n.
Following along the lines of the above derivations we arrive at the dual
problem
max —ta'Qa+1"a
. (2.18)
subject to: 0 < o 1=1,...,n.
where Q' = Q+vI. This regularisation is more similar to the regularisation
we used in regularised least squares where we also added a small constant
to the diagonal of the kernel matrix.
The reader interested in more details about support vector machines is
referred to one of the excellent books on this topic [Cristianini and Shawe-
Taylor (2000); Scholkopf and Smola (2002)].
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2.4.3 Gausstan Processes

Gaussian processes [MacKay (1997)] are a non-parametric ‘Bayesian’ re-
gression algorithm. They are based on somewhat different theory than the
previously described regularised least squares and the support vector ma-
chine algorithms but have some nice properties useful in some application
areas.

Bayesian parametric learning techniques assume some prior distribution
over the parameters w of the hypothesis functions {f,, () }+. Given training
data, they then compute the posterior distribution over parameter vectors
using Bayes’ rule. Predictions for unseen test data can then be obtained, for
example, by marginalising over the parameters. For that, Bayesian methods
assume that the distribution modelling the noise between observed target
values and true target values is known.

Gaussian processes are a non-parametric Bayesian method. Instead of
parameterising the function class and assuming a prior distribution over
the parameter vectors, a prior distribution over the function space itself is
assumed, i.e., the prior is P (f(-)) rather than P(w). This prior, however,
can be defined only implicitly. For that, the distribution of target values and
the noise distribution are assumed to be normal. To make learning possible,
it has furthermore to be assumed that the target values are correlated and
that their correlation depends only on the correlation of the corresponding
data points.

To specify a Gaussian process one has to define its mean function u(z) =
E[Y(x)] and its covariance function k(z,z’) = E[(Y(z) — pw(x))(Y(2') —
wu(x"))], where x,2’ are instances, Y () is a random function, and E[] is
the expectation over P(Y(+)). The choice of covariance functions is thereby
only restricted to positive definite kernel functions.

Let {x1,...,x,} be the training instances, let {t1,...,¢,} be the corre-
sponding observed labels, and let ¢, 1 be a random variable for the label of
the unseen example x,, 1. We assume that the observed target values t; are
obtained from the true labels y; by additive Gaussian noise with variance
o. Let K be a matrix with K;; = k(x;,z;). The covariance matrix of the
resulting Gaussian process is then given by the matrix C' with C = K 4 o1.
In the following we will use the convention that bold letters express the re-
striction of a matrix (vector) to rows and columns (elements) corresponding
to training examples only. For example, ¢ is the vector (t1,...,t,+1)' and
t is the vector (t1,...,t,)"

If we assume that the joint distribution of target values is Gaussian then
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also the conditional distribution P(t,+1|t) is Gaussian:

n+1
P(t) x exp (—tTC’ 1t> =exp | —= Z tit;[CMi;
zg 1
Lo+ 1 1 ¢ -1
P(t) X exp _it Ct)= exp —5 Z tit]‘[c ]ij
ij=1
P(t 1 1
P(tpi1]t) = P((t; o exp <2tTC‘1t - 2tTO‘1t>
1 n n+1
=exp | 5 > tit;[C7 Ztt
2,j=1 i,7=1

For Gaussian distributions, the mean an coincides with the most likely
value and we need compute the derivative of P(t,,11|t) with respect to t,41.

d n+1
tn t t 1 n S )
dtn+1 (tnt1lt) (Z i( +1)> exp (--)

Setting ﬁP(thH) = 0 we obtain the mean and variance of the
marginal Gaussian distribution as

P Yo tlC ima)
n+l — — [C,

and 0'2 = ;
Yty (nt1) 1t [C (g 1) (nt1)

From a computational point of view it is beneficial — if the label of more
than one instance has to be predicted — to make use of the partitioned
inverse equations (Section 2.1.8). Now, recall that C is the n x n covariance
matrix of the training instances only and let ¢ be the n-dimensional vector
of covariances between training examples and one test example. We then
obtain #,,4; = ¢"C~'t and afnﬂ = Clnt1)(n+1) — c¢'C~'c. Here we only
have to invert C once even if the label of different instances have to be
predicted.

It can be seen that the mean prediction of a Gaussian process corre-
sponds to the prediction found by a regularised least squares algorithm
(Section 2.4.1). Just let a = C~'t = (K + oI)7't and note that
f(@ng1) = S0 aik(wi, pg1) = a'c. This links the regularisation pa-
rameter v with the variance of the Gaussian noise distribution assumed
above.
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2.4.4 Kernel Perceptron

The kernel perceptron is a simple binary classification algorithm based on
the original perceptron algorithm of Rosenblatt (1957). It finds a hypoth-
esis of the form (2.6) by sequentially updating the hypothesis, whenever a
training example is misclassified.

The algorithm begins with all coefficients ¢; = 0. It then repeatedly
cycles through the data and whenever an example, say x;, is misclassified,
the model is updated by changing the corresponding c¢; <« ¢; + y;. The
algorithm stops as soon as no training example is misclassified by the model
any more.

It has been conjectured by Rosenblatt and later been shown by (for
example) Novikoff (1963) that, whenever there is a function of the form
(2.6) that correctly classifies all training data, the perceptron algorithm
will find one such function.

While the original convergence proof has not been for the kernel percep-
tron but for the original perceptron algorithm, the extension to the kernel
case is straightforward.

Let the (unknown) function that correctly classifies the data be given
by f*(-) = >_;djk(x;,-). It then exists (as our sample is finite) a margin
€ € R such that y; 3, d;k(zj,z;) > £ and a radius R € R such that that
k(x;,z;) < R? for all 4.

Let the hypothesis after the I-th update be f()(.) = > (:;.l)k(xj, -) and
let the [-th update be on the i-th example. The inner product between the
unknown function and the I-th hypothesis is

(190, 1)) =Zdjc§-€>k<xj,xj/>

-1
—Zda § Tk(zj,2p0) + i > djk(xj, ;)
J
> <f”‘”(~)7 FO)+e
and by recursion then
(FOC), 7)) > i
By geometric reasoning or using the Cauchy-Schwarz inequality we obtain

PRI CIONA0),
£ e > s

g
1Ol

and thus

17Ol > (2.19)
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Furthermore, the norm of the hypothesis function is then
(19, 190))
(1
= Z cg» )cg-/)k(a:j, xjr)

Zc(l b (l 1)k (xj,25) +2yZZC(l 1)k(xl,xj)+k(xl, i)
J

< <f(l—1>(.)7f<l—1)(.)> 4 R?
and by recursion
IFDCIB, < 1R? . (2.20)
Equations (2.19) and (2.20) together yield

¢

1)

and thus an upper bound on the number of updates needed to find a con-
sistent hypothesis

||2 < ||f l)< )H'H < lR2

R\ f0)l%
I
: RIS OlIF
That is, after at most T’*‘ updates the kernel perceptron algo-
rithm converges to a solution that correctly classifies all training data.

| < (2.21)

2.4.5 Kernel Principal Component Analysis

Kernel principal component analysis — kernel PCA — [Schoelkopf et al.
(1997)] is an unsupervised learning technique, i.e., it assumes no knowl-
edge of the value of a target attribute. Kernel PCA extends ‘traditional’
principal component analysis which tries to find the directions in the data
with highest variance or — as we shall see in this section — equivalently,
lowest approximation error. Both PCA and kernel PCA are used to project
the data (from feature space) to a low dimensional subspace. Projections
in two-dimensional space can, for example, be used to visualise sets of in-
stances.

For kernel PCA this corresponds to finding the function for which the
function values of the data points have highest variance. As we are only
interested in directions, we can without loss of generality restrict our con-
sideration to function with unit norm. If we assume the data has zero
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mean?, the corresponding optimisation problem is

max + Z 2 (x;)

fOHeER ™
subject to [|f()[|3, =1

or for the lowest approximation error

min 2||< (@i, ), FO)) FO) = (. )3

feen "
subject to || f()[|3, =1 .

For simplicity of notation we will in the following discussion omit the con-
straint || f(-)[|2, = 1.

We begin with the latter problem and show next that it is equivalent to
the former problem. Using the reproducing property of k(-,-) we obtain

min —Z 1) FC) — ks )

f()eEH N

and by explicit multiplication

min + D@ FC) F@) fC) =2 (@) f()s k@i, )) + (i, ), k(s )]

fGHer N ]
which we can simplify using the reproducing property to
o1
min =Y [F2(@:) (F(), FO)) = 2% (i) + k(i )] -

eenn =

n

As (f(-), F()y = I f ()13, = 1 and k(w;, x;) is independent of f(-), we obtain
R
min — —f(x
f(')EHn;[ 7 )]
and thus the problem of maximising the variance along f(-). We proceed
with an analytic solution of this optimisation problem.

The weak representer theorem can be applied to this problem and we
can make use of (2.6) to write f(z;) = K;.c where K is a centred version of
K with K;; = k(z;,z;). As then 2 (x;) = (CTK.i> (f{lc> we obtain the
optimisation problem

1
max —c' K%¢c
ceR™ N

3We will later in this subsection discuss how this can be achieved in the general case.
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Now, let {(ui, \;)} be the Eigenpairs of K sorted such that \; > \; if
i <j. Asthen K? =Y, u; \?u;] we obtain
1 2
max — Z (cyus) A; (ug, €
K3
as furthermore the eigenvectors form a basis, we can view ¢ as a linear com-
bination of eigenvectors, say ¢ = > ; g, and the optimisation problem
simplifies to

max — E az)\z .
a€ER™ N

The norm of f(-) can be computed as ¢ K¢ =3, a?); and the restriction
to functions with unit norm means we have to solve

max fZﬂl i

BeRn ™
subject to Y, 3; =1

by the order assumed on \; a maximum is at 8; = 1;8; = 0(¢i > 1).

This means that the function with unit norm for which the data has
maximal variance is a linear combination of the kernels ‘centred’ at the
training data and with the coefficients ¢;, where ¢ = A;* uy.

Kernel PCA proceeds further by finding the function for which the data
has maximal variance but Which is orthogonal to the above function. This

function is given by ¢ = )\22 ug. The third functlon orthogonal to the first

two, is given by ¢ = )\3 ug; the fourth by ¢ = )\4 uy and so forth.

It remains to show how we can deal with data that does not have a
zero mean. That is, we know the function k(x;, x;) = (k(z;,-), k(z;,-)) and
want to compute k(z;, ;) = (k(zi,-) — u(-), k(z;, ) — p(-)), where u(-) =
L5 k(x;,-) is the mean function. We obtain

k(i ;) = (ki) = (), kg, ) = nl(-))
< ('Tw')v (xjv )> < (CE“-)7 ()> - <:u() k(xjﬂ'»""_ <M()wu()>

= k(z;, z;) — ;Zk (24,2 —ka Ty, Tj) %Zk(ml,xl/)
1

LU
In matrix notation, the second summand in the last line of the above equa-
tion is the average of a row, the third the average of a column, and the last
one the average of the whole matrix. Thus the centred kernel matrix can
be computed as
~ 1 1 1

K=K--K1--1K+ 1K1, (2.22)
n n n
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2.4.6 Distance-Based Algorithms

Distance-based learning algorithms [see for example Mitchell (1996)] are a
set of learning algorithms that can be applied to a learning task when-
ever the instance space is a (pseudo-)metric space (Section 2.1.3). As
every inner product space is a metric space (see Section 2.1.5), distance
based algorithms can be applied to data on which a positive definite ker-
nel function has been defined. The metric is then given by d(z,z’) =
Vk(z, ) — 2k(z,2') + k(2’,2'). This subsection describes briefly two sim-
ple distance-based learning-algorithms: the k-nearest neighbour algorithm
and the k-means algorithm.

The nearest neighbour algorithm is a supervised learning algorithm that
can be applied to regression and classification problems. In the regression
case it predicts the target value of an unseen instance as the average target
value of its nearest training instances. In the classification case it predicts

the class that is most common among the nearest training instances. The
number of neighbours that is taken into account in both cases is a parameter
of the learning algorithm. Increasing this parameter leads to a kind of
smoothing of the predicted values and makes the algorithm more stable
with respect to label-noise. Implementations of nearest neighbour differ in
the way conflicts are resolved, i.e., how equally distant instances are treated
and how equally frequent class labels are handled.

The k-means algorithm is an unsupervised learning algorithm that tries
to find sets (clusters) of instances such that the instances in the same set
are more similar to each other than to the instances in other sets. k-
means starts with a random assignment of instances to clusters. If the
instance space is an inner product space (Section 2.1.5), it then repeats the
following two steps: (1) compute the mean of each cluster, and (2) assign
each instance to the cluster whose mean is nearest. For our purposes it is
important that step (1) is not necessary — though it is computationally
attractive — as we can implicitly represent the cluster mean by the set of
instances in a cluster. Then, the distance between the mean of a cluster C'
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and an instance x can be computed as follows

_ <x,x>—2<x7é|2 > <|C|Zx ICIZ >

z'eC z'eC

1 ! i x/ :L./l

z! e’

The last line of this equation only contains inner products between exam-
ples which can be replaced by an arbitrary kernel function defined on the
instances. This is necessary if the instance space is not an inner prod-
uct space. The number of clusters initially created is a parameter of the
learning algorithm.

2.5 Summary

In this section we described the most important basics needed for the fur-
ther developments in this book. Starting with measurable sets we intro-
duced metric spaces, linear spaces, normed linear spaces, and inner product
spaces; as well as Banach and Hilbert spaces. After that we reviewed the
relation between reproducing kernels of Hilbert spaces and positive definite
functions, and the isomorphism of different realisations of Hilbert spaces.
In the following sections the basics of supervised learning and the founda-
tions of kernel methods have been summarised. Last but not least we gave
an overview over a number of different kernel methods.

The most important topic of the first section was probably the charac-
terisation of the class of positive definite functions which coincides with the
class reproducing kernels of Hilbert spaces. Though less important to the
further developments, it is important for the illustration of such functions to
note that for every positive definite function k(-,) : X x X — R on a finite or
countable set X, there is a map ¢ : X — Iy for which k(z,2") = (¢(x), p(z’))
for all z, 2’ € X. The subspace of I3, spanned by the images of elements of
X under ¢, is often called the feature space. The feature space has clearly
dimension at most |X'| and the existence of ¢ is guaranteed by isomorphism
of different realisations of the Hilbert space. How to find one such ¢ for
finite X' is described in the section on matrix computations.
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Very important topics in the third section were the foundation of kernel
methods in basic model fitting methods and the discussion of the need for
regularisation; leading to the regularised risk optimisation problem (2.5).
However, the most important and fundamental result is the representer
theorem that is at the heart of all kernel methods described in the third
section of this chapter. Equation (2.6) gives the form of solutions of the
regularised risk optimisation problem under rather general assumptions.

With this background we are now ready to have a closer look at kernel
functions.
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Chapter 3

Kernel Design

When I examine myself and my methods of thought, I come
close to the conclusion that the gift of fantasy has meant more
to me than my talent for absorbing positive knowledge.

(Albert Einstein, On Science)

In Chapter we illustrated the general supervised learning task and mo-
tivated the need to consider learning from structured data. The class of
learning algorithms we are most interested in is the class of kernel meth-
ods. In Chapter 1.6 we then introduced the necessary formal background
of kernel methods. This included a brief review of relevant topics from
model fitting and regularisation theory, as well as the characterisation of
hypothesis spaces that form a reproducing kernel Hilbert space. For that
we discussed different properties of positive definite and reproducing kernel
functions.

In this chapter we will investigate, which positive definite functions can
successfully be applied in kernel methods. This is a necessary foundation
needed in the following chapters that will concentrate on the definition of
kernel functions for particular knowledge representation languages. Thus,
in the following sections we will try to characterise kernel functions that lead
to good learning performance and we will motivate the need for choosing
the ‘right’ kernel for a particular learning problem. After that we will
investigate different possibilities of defining kernel functions for simple data
structures like sets. Last but not least we will review a number of kernel
functions for structured data that have been defined prior to or at the same
time as this book.

55
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3.1 General Remarks on Kernels and Examples

We will begin this section with an attempt to classify kernel functions
according to the ‘driving force’ behind their definition. This driving force
may, for example, be the syntax of a representation language or based on a
generative model of a given set of training instances. We will then describe
different properties of kernel functions that are of importance for good
predictive performance. The first of these properties is, for example, that
for any two instances with different class, there needs to be a function in
the hypothesis space that is able to distinguish between them. After that
we describe different kernel functions that can be (and have been) used for
instances that are readily described as elements of an inner product space
like R™. After that we will illustrate the impact of choosing one particular
kernel function and motivate the importance of picking the ‘right one’.

3.1.1 Classes of Kernels

A useful conceptual distinction between different kernels is based on the
‘driving-force’ of their definition. We distinguish between semantics, syn-
tax, model, and data as the driving-force of the kernel definition. This
distinction will help later in Section 3.4 to review kernel functions defined
in the literature in a systematic way. The most popular of these driving
forces is the syntax, usually combined with some semantic understanding
of the representation language. The kernels presented in Chapters 3.5 and
4.6 are examples of this combination.

Semantics is in some sense the ideal driving-force for the definition of
kernels. It is related to so-called ‘knowledge-driven’ approaches of incorpo-
rating expert knowledge into the domain representation. Semantics-driven
kernel definitions, however, often lead to proprietary special case kernels
that can be used in one application only. This motivates the definition of
syntax-driven kernel functions on knowledge representations that are able
to represent some semantics explicitly.

Syntax is often used in typed systems to formally describe the semantics
of the data. It is the most common driving force. In its simplest case, i.e.,
untyped attribute-value representations, it treats every attribute in the
same way. More complex syntactic representations are graphs, restricted
subsets of graphs such as lists and trees, or terms in some (possibly typed)
logic. Whenever kernels are syntax-driven, they are either special case
kernels, assuming some underlying semantics of the application, or they
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are parameterised and offer the possibility to adapt the kernel function to
certain semantics.

Models contain some kind of knowledge about the instance space, i.e.,
about the relationships among instances. These models can either be gen-
erative models of instances or they can be given by some sort of transfor-
mation relations. Hidden Markov models are a frequently used generative
model. Edit operations on a lists are one example for operations that trans-
form one list into another. The graph defined on the set of lists by these
operations can be seen as a model of the instance space. While each edge
of a graph only contains local information about neighbouring vertices, the
set of all edges, i.e., the graph itself, also contains information about the
global structure of the instance space.

Data-driven approaches use results obtained by analysing the training
data. Data-driven approaches are hardly ever used for kernel definition but
they are frequently used to choose a kernel from a class of kernel functions.

Often more than one of the above described driving-forces of kernel
definitions are applied together. Models of instance spaces contain either
semantic background knowledge or are learnt from the training data itself.
In both cases the model-driven kernel definition is combined with another
driving force. Whenever a set of kernels is defined on some syntactic rep-
resentation, either semantic background knowledge or training data will be
used to choose one particular kernel from this set. Either way, the syntax-
driven kernel definition is combined with another driving force.

3.1.2 Good Kernels

For a kernel method to perform well on some domain, positive definiteness
of the kernel is not the only issue. To discuss the characteristics of good
kernels, we need the notion of a concept class. In a binary classification
problem (Section 2.2.1), with a functional dependence between object rep-
resentations and labels, the function underlying this dependence is called a
concept ¢ : X — Q. A concept class C is a set of concepts.

While there is always a valid kernel that performs poorly (ko(z,z’) = 0),
there is also always a valid kernel (k.(x,2’) = +1<c(x) = c(a’) and
ko(z,2") = =1 < ¢(x) # c(2)) that performs ideally. However, the learning
problem is that ¢(-) is unknown. We distinguish the following three issues
crucial to ‘good’ kernels: completeness, correctness, and appropriateness.

Completeness refers to the extent to which the knowledge incorporated
in the kernel is sufficient for solving the problem at hand. A kernel is
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said to be complete if it takes into account all the information necessary to
represent the concept that underlies the problem domain. Formally, we call
a kernel complete if k(z,-) = k(2/,-) implies x = 2’ 1. With respect to some
concept class, however, it is not important to distinguish between instances
that are equally classified by all concepts in that particular concept class.
We call a kernel complete with respect to a concept class C if k(z,-) =
k(«',-) implies ¢(z) = c(a’) for all ¢ € C.

Correctness refers to the extent to which the underlying semantics of
the problem are obeyed in the kernel. Correctness can formally only be
expressed with respect to a certain concept class and a certain hypothesis
space. In particular, we call a kernel correct with respect to a concept class
C and linear combinations of kernels (as in Equation (2.6)) if for all concepts
¢ € C there exist a; € R,z; € X,0 € R such that Vo € X' : )", a;k(x;, ) >
0 < c(z). A kernel that is not complete with respect to a concept class can
not be correct with respect to that concept class and any hypothesis space.
For the remainder of the paper we will use ‘correct’ only with respect to
linear combinations of kernels as the hypothesis space.

Appropriateness refers to the extent to which examples that are close to
each other in class membership are also ‘close’ to each other in feature space.
Appropriateness can formally only be defined with respect to a concept class
and a learning algorithm. For example, a kernel is appropriate for learning
concepts in a concept class with the kernel perceptron, if the maximal
number of mistakes can be bound by a polynomial. This problem is most
apparent in the matching kernel ks(z,2') = 1o x = o’ and ks(z,2') =
0 < x # x’ which is always complete and correct but not appropriate.

Empirically, a complete, correct and appropriate kernel exhibits two
properties. A complete and correct kernel separates the concept well, i.e.,
a learning algorithm achieves high accuracy when learning and validating
on the same part of the data. An appropriate kernel generalises well, i.e.,
a learning algorithm achieves high accuracy when learning and validating
on different parts of the data. In other words an appropriate kernel avoids
overfitting (Section 2.2.2).

3.1.3 Kernels on Inner Product Spaces

In this section we review the traditionally used kernels on inner product
spaces and give some intuitions.

IThis corresponds to the map ¢, with (¢(x), ¢(z')) = k(z,2’) for all x,z’, being injec-
tive.
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For some inner product space R, let z,2’ € R and let (-,-) denote
the scalar product in R. In real world applications, often R = R™ and
(@, a") = 31, @izl

Apart from the linear kernel

k(z,2") = (x,2")
and the normalised linear kernel
/
T,x
k(l‘, .73/) — < >
(x,z) (2!, 2’)
which corresponds to the cosine of the angle enclosed by the vectors, the two
most frequently used kernels on inner product spaces are the polynomial
kernel and the Gaussian kernel. Given two parameters [ € R,p € N the
polynomial kernel is defined as:
k(z,2") = ((z, 2"y + D)V .
The intuition behind this kernel definition is that it is often useful to con-
struct new features as products of original features. This way for example
the XOR problem can be turned into a linearly separable problem. The
parameter p is the maximal order of monomials making up the new fea-
ture space, the parameter [ is the bias towards lower order monomials. If
I = 0 the feature space consists only of monomials of order p of the original
features.

Example 3.1 (xor). Consider the positive examples (+1,+1),(—1,—1)
and the negative examples (+1,—1),(—1,41). Clearly, there is no straight
line separating positive from negative examples. However, if we use the
transformation ¢ : (x1,x9) — (x3,V/2w129,23) separation is possible with
the plane orthonormal to (0,1,0) as the the sign of 125 already corresponds
to the class. To see that this transformation can be performed implicitly by
a polynomial kernel, let © = (v1,22),2 = (21,22) and k(z,2) = (z,2)°.
Then

k(w,2) = ((@1,22), (21, 22))° = (2121 + w220)”

= ($1Z1)2 + 2x12921 20 + (3622’2)2

- <(1€7 \/§$1$2,$§) ) (va \/521227Z§)>

The last line is the inner product under the map ¢. Now, let x4 (z_)
be either of the positive (negative) examples given above. An unseen
example x can be classified without explicitly transforming instances, as
k(z,zy) — k(x,z_) corresponds to implicitly projecting the new examples
onto the vector ¢(x4) — dp(x_)
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Given the bandwidth parameter o the Gaussian kernel is defined as:
k(z,2') = e~ lle==IP/0%

Using this kernel function in a support vector machine results in a classifier
that can be seen as a radial basis function network with Gaussian kernels
centred at the support vectors. The images of the points from the vector
space R™ under the map ¢ : R” — H with k(z,2") = (¢(z), ¢(2')) lie all
on the surface of a hyperball in the Hilbert space H. No two images are
orthogonal and any set of images is linearly independent. The parameter o
can be used to tune how much generalisation is done. For very large o, all
vectors ¢(x) are almost parallel and thus almost identical. For very small
o, the vectors ¢(z) are almost orthogonal to each other and the Gaussian
kernel behaves almost like the matching kernel. In applications this often
causes a problem known as the ridge problem, which means that the learning
algorithm functions more or less just as a lookup table. In Section 3.1.2 we
called such kernels inappropriate.

3.1.4 Some Illustrations

To illustrate the importance of choosing the ‘right’ kernel function, we next
illustrate the hypothesis found by a Gaussian process with different kernel
functions.

In Figure 3.1 the training examples are pairs of real numbers z € R?
illustrated by black discs and circles in the figure. The (unknown) target
function is an XOR-type function, the target variable y takes values —1
for the black discs and +1 for the black circles. The probability of a test
example being of class +1 is illustrated by the colour of the correspond-
ing pixel in the figure. The different kernels used are the linear kernel
k(z,2') = (z,2'), the polynomial kernel k(z,z’) = ((z,z’) + )P, the sig-
moid kernel k(z,z’) = tanh(vy (x,2’)), and the Gaussian kernel function
k(z,2') = exp [—|lz — 2’| /o?].

Figure 3.2 illustrates the impact of choosing the parameter of a Gaussian
kernel function on the regularisation of the solution found by a Gaussian
process. Training examples are single real numbers and the target value
is also a real number. The unknown target function is a sinusoid function
shown by a thin line in the figure. Training examples perturbed by random
noise are depicted by black circles. The colour of each pixel illustrates the
distribution of target values given the example, the most likely value is
always coloured in white.
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Figure 3.1 Impact of different kernel functions on the solution found by Gaussian pro-
cesses. Kernel functions from left to right, top to bottom are: linear kernel, polynomial
kernel of degree 2, sigmoid kernel, and Gaussian kernel.

3.2 Kernel Functions

When defining kernels for structured data, it is often useful to build them
up from kernel functions defined on simpler data structures. In this section
we will first review which combinations of positive definite matrices and
functions are again positive definite. We will thereby first focus on certain
sums and products of kernels. These considerations will prove useful when
looking at kernels defined in the literature in Section 3.4 and when defining
kernels for other representation languages in Chapters 3.5 and 4.6.

After that we investigate whether minima or maxima of kernels are
positive definite. This investigation is motivated by observing that many
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Figure 3.2 Impact of the bandwidth of a Gaussian kernel function on the regularisation
of the solution found by Gaussian processes. The bandwidth is decreasing from left to
right, top to bottom.

distances on structured data defined in the literature are based on minima
or maxima over more simple distance functions. We will show there, that
minima and maxima over kernels are, in general, not positive definite. This
motivates the definition of kernel functions on particular representation
languages in Chapters 3.5 and 4.6.

3.2.1 Closure Properties

Before we describe, which combinations of positive definite functions are
positive definite, we will first review and extend some results from Section
2.1.7 on which combinations of matrices are positive definite.
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Proposition 3.1. The following matrices are positive definite:

(1) For any matriz B, the matriz BT B is positive definite.

(2) For any two positive definite matrices G, H, the tensor product G @ H
s positive definite.

(8) For any strictly positive definite matriz G and integer n, G™ is strictly
positive definite. For any positive definite matriz G and integer n > 0,
G™ is positive definite.

(4) For any positive definite matriz G and real number v > 0, the limit of
the power series Y .~ y"G™ exists if v is smaller than the inverse of the
largest eigenvalue of G. Then also the limit is positive definite.

(5) For any symmetric matriz G and real number (3, the limit of the power
series Y ¢ %G" exists and is positive definite.

Proof.

(1) This holds as ¢" BT Be = || Be||?> = 3_,[Bc]? > 0.

(2) This is shown in Section 2.1.7.

(3) Let D be a diagonal matrix with the eigenvalues of G as its elements
and T be the matrix with the eigenvectors of G as columns. Then
GT =TD and G =TDT~' =TDT'. For n > 0 we have

G" = (rpT V" =T (DT'T)"" DT' = TD"T""
and it follows that G™ is positive definite. The result also holds for
negative n as the eigenvalues of the inverse of G are equal to the inverse
of the eigenvalues of G.

Before continuing the discussion we need a result concerning both 4. and
5.: For any symmetric matrix G with eigendecomposition G = TDT ! as
above, we can compute the limit of the power series Y. ° A\, G™ as

i MG =T (i /\nD"> 71!

where ZZO A, D™ can be computed componentwise. Now:

4. For any positive real number d < y~!, we have Y y"d" = 1_1,yd > 0.

5. For any real number d, we have ) ° %d" ) 0

Next we have a look at the closure properties of kernel functions.

Proposition 3.2. Let the functions g, h, ki1, ks, ... be positive definite func-
tions such that the sequence of functions k1, ks, ... converges and let a,, 3 >
0. Then the following functions are also positive definite:
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(1) k((z,2), (2, 2")) = gz, 2") * h(2,2")

(2) k(z,2") = g(z,2") * h(z, )

(3) k(z,2") = ag(z,2') + Bh(z, z')

(4) k(:C, .CE,) = limy, 00 km(iE, l‘/)

Proof.

(1) The matrix K with K ).y = k (%4, 2i,), (24,,2;5,)) is the tensor
product of the matrices G, H with G;,;, = g(z;,,x;,) and H,,;, =

h(zi,, 2;,). It follows that K is positive definite if and only if both G
and H are positive definite (Section 2.1.7).

(2) Assume that there is a choice of ci, ..., ¢, such that
Zcicjg(xi,xj) * h(z;, ;) <0.
.3

With a;,i, = ¢;y if i1 =42 and a;,;, = 0 otherwise, we have a choice of
G;,4, such that
Z ai1i2aj1j29(xi17mj1) * h(xiwsz) <0
11,12,J1,J2
which contradicts the proof of the previous item.
(3) Compute

Zcicj [ag(zi, x5) + Bh(zi, x5)]

4,J

=« Zcicjg(xi,xj) +5 Zcicjh(a:i,mj)
i.j 0,J
(4) This holds as

Zi)j cici limy, oo k(i 2;) = limy, oo E” cicikm (xi, ;). O

Last but not least we have the following proposition for constant
bounded kernel functions:

Proposition 3.3. Let h : X x X — R be a positive definite function and
c € R such that Ve € X : h(z,z) < c. Then the function k: X x X - R
defined by

is positive definite.
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The proof follows long the lines of Gower (1971).
Proof. First notice that ¢ > h(z,x) > 0 and
2|h(z,2")| < h(z,z) + h(z',2") < 2c.
< 1 and
" h(z, 2 ‘ c
mh—r}loo;( ( c )> - c—h(z,z") "
As h(-,-) is positive definite, it follows from the above proposition that the

left hand side of the equation is positive definte. Then, also k(z,z’) =
is positive definite. O

h(z,z’)

Therefore, 2

S S
c—h(z,x’)

3.2.2 Kernel Modifiers

The commonly used kernel functions for vectors (Subsection 3.1.3) can be
seen as kernel functions built up by applying a function x : P — (X x X —
R) — (X x X — R) to the usual inner product, that given some parameters
(an element of the parameter space P) — maps a kernel to a modified kernel.
While this point of view does not add much when considering kernels
on vectors only, it is very helpful when defining kernels for arbitrary data.
There it is sufficient to define a ‘default kernel’ (corresponding to the in-
ner product between vectors), implicitly giving rise to a family of kernels
(corresponding to polynomial, Gaussian, or normal kernels)

e A polynomial modifier is defined as
fipolynomial(pa l)(k)(x,x') = (k($,$/) + l)p (l > 07 pE Z+)
e A Gaussian modifier is defined as:

k(m,m)72k(x,m')+k(:c',m')]/a’z (

Hgaussian('y)(k)(z7 l‘/) == 67[ Y > O)

e A normalisation modifier is defined as
k(z,2’)
k(z, z)k(x!, 2')

where \/k(z,z) is the norm of z in the feature space, and thus the

Rnormalised (k) (IIZ, .T/) =

normalisation kernel is equal to the cosine of the angle between x and
z' in the feature space corresponding to k.

It follows from the closure properties discussed in the previous section
that modified kernels are positive definite if the underlying kernel is positive
definite. The traditionally used kernels on inner product spaces are from
this point of view modified versions of the canonical inner product.
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3.2.3 Minimal and Maximal Functions

In the literature distances are often defined using the minima and/or max-
ima over a set of distances, e.g., the distances described in [Eiter and Man-
nila (1997)] between point sets, the string edit distance [Fischer and Fis-
cher (1974)] between sequences, or the subgraph distance [Messmer (1995);
Bunke and Allerman (1983)] between graphs. It is thus interesting to inves-
tigate whether in general kernel functions can be defined as the minimum
and/or maximum of a set of kernels. In this section we investigate whether
certain uses of minima and/or maxima give rise to positive definite kernels.
Kernels on instances represented by sets will be discussed in Section 3.3.1
and 3.3.2.

We begin our discussion with two very simple uses of minima and max-
ima:

e The function min{xz,z'} defined on non-negative real numbers is posi-
tive definite: Let 6,(-) be the function such that 6,(z) = 1 if z € [0; z]
and 0, (z) = 0 otherwise. Then,

min{z, 2’} :AHI(-)Hm/(-)du

coincides with the usual (Lo, see Subsection 2.1.5) inner product be-
tween the functions 6,(-) and 6, (-). Thus it is positive definite.

e The function max{x,z’} defined on non-negative real numbers is not
positive definite. Setting z = 0,2’ = 1 we obtain the indefinite matrix

()

We show next, that — in general — functions built from positive definite
kernels using the min or max function are not positive definite.

e The function min; k;(z, "), where each k; is a positive definite kernel,
is not necessarily positive definite: Setting = 1;2’ = 2;ky(z,2") =
xx';ka(x,2') = (3 — x)(3 — 2’) gives rise to the indefinite matrix

(1)

e The function max; k;(z,z’) where again each k; is a positive definite
kernel, is not necessarily positive definite: If this function was positive
definite then the component-wise maximum of two positive definite



Kernel Design 67

matrices would also be positive definite. Consider the matrices

110 100
A=1110 and B=1011
001 011

Here, A has the eigenvectors (1,1,0)7;(0,0,1)";(1,—1,0)" with cor-
responding eigenvalues 2,1,0 > 0, showing that both matrices are pos-
itive definite. However, the component-wise maximum of A and B,

110
D=[111
011

is indefinite: (1,0,0)D(1,0,0)" =1 > 0 and (1,-1,1)D(1,-1,1)"T =

-1 <0.

We will return to min and max functions in Section 3.3.2 where we turn
our attention to kernels on sets. In the next section we discuss how kernel
functions can be combined such that the combination is dominated by the
maximal kernel value.

3.2.4 Soft-Maximal Kernels

A ‘soft-max’ function is a sequence of functions that in the limit converges
to the function max; k;(x,2"). Two simple examples of soft-max functions

are
mlz kM (z, x’)

1 In Z exp [yki(z,2")] .
R

The former converges to the maximum for m € N;m — oo, and the

and

latter for v € R,y — o0o. As the corresponding max function is not positive
definite (Section 3.2.3) and kernels are closed under the limit (Section 3.2.1),
it is clear that there is an infinite number of soft-max functions in each
sequence that is not positive definite.

However, we can define simple positive definite functions whose value
is dominated by the maximal kernel value. We call such a function a soft-
mazimal kernel. The soft-maximal kernels related to the above soft-max

Zk;"(x,x')

functions are



68 Kernels for Structured Data

and

ZeXp [yki(x, 2")]

which are both positive definite if the k; are positive definite (Section 3.2.1).

Thus albeit the max function itself is not positive definite, we can hope
that it is possible to mimic its behaviour by using one of these alternative
functions. We later discuss soft-maximal kernels in the context of instances
that can be represented by sets in Section 3.3.2 and use them instead of a
maximal set kernel in Section 4.3.

3.3 Introduction to Kernels for Structured Data

Before investigating kernels on complex structured data in detail in the
remainder of this book, we now concentrate on kernels for sets. These con-
siderations will be the basis for kernel definitions in the remaining sections
and chapters.

3.3.1 Intersection and Crossproduct Kernels on Sets

As we will see later, an integral part of many kernels for structured data is
the decomposition of an object into a set of its parts and the intersection
of two sets of parts. The kernel on two objects is then defined as a measure
of the intersection of the two corresponding sets of parts.

The general case of interest for set kernels is when the instances X; are
elements of a semiring of sets & and there is a measure p with & as its
domain of definition (Section 2.1.2). A natural choice of a kernel on such
data is the following kernel function:

Definition 3.1. Let pu(-) be a measure defined on the semiring of sets &.
The intersection kernel kn : © x & — R is defined as

Proposition 3.4. The intersection kernel is a positive definite kernel func-
tion.

Proof. Let p(-), &, and kn(-,-) be as in Definition 3.1.

It is known [see for example Kolmogorov and Fomin (1960a)] that for
any Xi,...,X, belonging to the semiring & there is a finite system of
pairwise disjoint sets A = {A1,..., A} € & such that every X; is a union
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of some A;. Let B; C A be such that X; = UBeBi B. Furthermore let the
characteristic function I'x : A — {0;1} be defined as 'y (4) =1 AC X
and I'x(A) = 0 otherwise. With these definitions we can write
pXiNX;) = > u(B)=> Tx,(ATx,(A)u(A).
BEB,;NB; A€A
The intersection kernel is then positive definite on Xy,..., X, as

Z cicp(X; N X;) =Y cic; Y Tx, (ATx, (A)pu(A)

] i AcA

=> <ZCiFXi(A)> 1(A)

AcA %

>0 . 0

Note that in the simplest case (finite sets with u(-) being the set car-
dinality) the intersection kernel coincides with the inner product of the
bitvector representations of the sets.

For nonempty sets we furthermore define the following kernels.

Definition 3.2. Let p(-) be a measure defined on the ring of sets & with
unit X such that p(X) < co. We define functions (&\{0}) x (&\{0}) — R:

XinX;).
ko (Xi, Xj) = ﬁgxinggi (3.3)

Proposition 3.5. The functions (3.2) and (3.3) are positive definite.

Proof. With all sets and functions as in Definition 3.2, it holds that
p(Xi U X;) = p(&X) — p((X\ X5) N (XN X5))
As p((X\ X;) N (X \ X,)) is an intersection kernel and
p(X) > p((X\ Xi) N (XN X;) X5, X; #0,
by Proposition 3.3 ky(-,-) is positive definite. That kS(" -) is positive
definite follows then directly from Proposition 3.2. ]
The kernel function (3.3) is known as the Tanimoto coefficient or Jaccard
coefficient. Its positive definiteness is shown in [Gower (1971)] and it has
been used in kernel methods by Baldi and Ralaivola (2004).
In the case that the sets X; are finite or countable sets of elements on

which a kernel has been defined, it is often beneficial to use set kernels other
than the intersection kernel. For example the following kernel function:
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Definition 3.3. Let X1,..., X, be arbitrary finite sets and let k : X x X —
R be a positive definite kernel function on X = U?zl X;. The crossproduct
kernel is defined as

E(X, X)) = > k(@) X, X €{Xy,...,X.}. (3.4)
rzeX,x’'eX’

Proposition 3.6. The crossproduct kernel is positive definite.

Proof. Let all functions and variables be as defined in Definition 3.3.
The crossproduct kernel is a positive definite kernel function as

k(XX = > k(x,2)) = <Z k(z,), k(m’7-)>

r€X ' €X/ zeX 'eX’
using the reproducing property of k(-, -). |

In the case that the right hand side kernel is the matching kernel, the
crossproduct kernel coincides with the intersection kernel.

In the remainder of this section we are more interested in the case that
S is a Borel algebra (Section 2.1.2) with unit X and measure p which
is countably additive and satisfies u(X) < oco. We can then extend the
definition of the characteristic functions to X by I'x(z) = 1< 2 € X and
I'x(z) = 0 otherwise. We can then write the intersection kernel as

k(X1 X;) = p(X N X7) = /X T'x, («)Tx, (2)du (3.5)

this shows the relation of the intersection kernel to the usual (Lo —
see Subsection 2.1.5) inner product between the characteristic functions
Tx(:),Tx/(-) of the sets.

Similarly, for the crossproduct kernel (3.4) we obtain in this setting the
integral equation

/X/,k(x’x/)d“d“:/X/er(x)k(zvxl)rX’@')dﬂdu

with any positive definite kernel & defined on the elements. Positive defi-
niteness of this integral can be seen directly as it is equal to

</X Fx(x)k(x,-)du7/XFX/(x’)k(g;”.)du> _

Note, that with the matching kernel ks we recover the intersection kernel
from equation (3.5) albeit with different measure (u? rather than ).
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3.3.2 Mzinimal and Maximal Functions on Sets

As many distance functions defined on structured data use minima or max-
ima over a set of distances (Section 3.2.3), we proceed with two simple cases
in which positive definiteness holds for kernels on sets that use minima or
maxima functions.

e The function mingex zrex’ x’ defined on sets of non-negative real
numbers X, X’ C RT is positive definite as

min 22’ = [ minz min 2’ | .
zeX,z' €X' zeX zex’
e The function maxgex cx’ zz’ defined on sets of non-negative real
numbers X, X’ C RT is positive definite as

max xx’ = (maxx ) | max 2’| .
zeX .z’ €X' z€X €X'
Now we turn to the more general functions

min _ k(z,z')and max k(z,2) .
zeX,x'eX’ zeX,x'eX’

These are related to the functions min; k;(x,2’) and max; k;(z,2') con-
sidered in Section 3.2.3. To see this let X = {z;};; X' = {2}}; and
kij (X, X') = k(z;,2";). Then
: / . !
Lemin k(z,z") = min ki (X, X")
and
!/ !/
Lo lpax k(z,z") = r%?xkij(X,X ).
Though this indicates that mingex o ex’ k(z,2") and maxzex »ex k(z, z')
might not be positive definite, it is not a proof yet. Thus we continue with
two counter-examples.
For mingex orex k(z,2') with X = {(1,2)7,(2,1)7,(2,0)"}, X' =
{(2,1)"}, and using k(z,z') = (z,2’) we obtain the indefinite matrix

(i)

Similarly, for maxyexex k(z,2’) with 1 = {(1,0)7}, zp =
{(1,0)7,(0,1)"}, x5 = {(0,1)"}, and again k(z,2') = (z,2’) we obtain
the matrix

110
D=1111],
011
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which is again indefinite (compare Section 3.2.3).

One approach to overcome these problems with using the min and/or
max functions in the definition of positive definite kernel functions is to
use a soft-maximal kernel introduced in Section 3.2.4. We then obtain a
soft-maximal set kernel

Z k™ (z,2")

zeX;x'eX’

> expyk(z,a)]
rzeX;x'e X’
which are both positive definite if k is positive definite and which are both
dominated by the maximal kernel on a pair of instances. It is interesting
to note here that soft-max kernels for sets can be seen as a crossproduct
kernel with a modified kernel on the elements. In Section 4.3 we discuss

and

these kernels in more detail in the context of multi-instance learning.

3.3.3 Kernels on Multisets

For knowledge representation often multisets are used instead of sets. The
difference is that every element of a multiset is not required to be different
from all other elements of that multiset. We restrict our attention here to
finite multisets, as this is the most interesting practical case and will be
pursued further in Chapter 3.5.

For such multisets, we can define a characteristic function 'y : X — N
such that I'x () is equal to the number of times x occurs in the multiset X.
For every finite multiset trivially > ., I'% (x) < co. Similar to Subsection
3.3.1 we then obtain the crossproduct kernel for multisets as

Z Cx(x)k(z, 2 )T x (z') .
z,x'eX
Using the matching kernel ks on the elements we obtain

> Tx(x)lx ().

reX
To also generalise the intersection kernel to multisets we can use the func-

tion
Z min {Tx(x); Tx/(x)} .
zeEX
As a generalisation of both intersection and crossproduct kernels, we

will later (in Chapter 3.5) consider functions of the form

Z k(Tx(z),Tx/ (2")) k(z,2') .

z,x’'eX
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3.3.4 Convolution Kernels

The best known kernel for representation spaces that are not mere attribute-
value tuples is the convolution kernel proposed by Haussler (1999). The
basic idea of convolution kernels is that the semantics of composite objects
can often be captured by a relation R between the object and its parts.
The kernel on the object is then made up from kernels defined on different
parts.

Let z,2’ € X be the objects and Z, 7 € X; x --- X Xp be tuples of
parts of these objects. Given the relation R C (X} x --- x Xp) x X we
can define the decomposition R~ as R™!(z) = {7 : (#,2) € R}. Then the
convolution kernel is defined as

D
keonw(z,2") = Z H ka(za,zy) -

FER™(x) d=1
FeR™(a))

The term ‘convolution kernel” refers to a class of kernels that can be
formulated in the above way. The advantage of convolution kernels is that
they are very general and can be applied in many different problems. How-
ever, because of that generality, they require a significant amount of work to
adapt them to a specific problem. In particular, choosing R in ‘real-world’
applications is a non-trivial task.

3.4 Prior Work

In this section we describe related and prior work on defining kernel func-
tions for structured data. As described in Section 3.1.1, we distinguish
between model-driven and syntax-driven kernel functions.

Subsection 3.4.1 deals with kernel functions defined on probabilistic,
generative models of the instance space. Subsection 3.4.2 describes kernel
functions defined using some kind of similarity relation or transformation
operation between instances. Subsection 3.4.3 describes several kernel func-
tions defined on sequences of discrete symbols. The idea is always to extract
all possible subsequences (of some kind) and to define the kernel function
based on the occurrence and similarity of these subsequences. Subsection
3.4.4 shows how this idea can be generalised to extracting subtrees of trees
and defining a kernel function based on occurrence and similarity of sub-
trees in two trees.
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3.4.1 Kernels from Generative Models

Generative models in general and hidden Markov models [Rabiner (1989)]
in particular are widely used in computer science. One of their application
areas is protein fold recognition where one tries to understand how proteins
fold up in nature. Another application area is speech recognition. One
motivation behind the development of kernels on generative models is to be
able to apply kernel methods to sequence data. Sequences occur frequently
in nature, for example, proteins are sequences of amino acids, genes are
sequences of nucleic acids, and spoken words are sequences of phonemes.
Another motivation is to improve the classification accuracy of generative
models.

The first and most prominent kernel function based on a generative
model is the Fisher kernel [Jaakkola and Haussler (1999a,b)]. The key idea
is to use the gradient of the log-likelihood with respect to the parameters
of a generative model as the features in a discriminative classifier. The
motivation to use this feature space is that the gradient of the log-likelihood
with respect to the parameters of a generative model captures the generative
process of a sequence rather that just the posterior probabilities.

Let U, be the Fisher-score, that is, the gradient of the log-likelihood
with respect to the parameters of the generative model P(z | 6) at :

Uy =VologP(z | 6) .

Furthermore, let I be the Fisher information matriz, i.e., the expected
value of the outer product U,U,] over P(z | §). The Fisher kernel is then
defined as k(z,2") = U] I7*U,,. The Fisher kernel can be calculated when-
ever the probability model P(z | 8) of the instances given the parameters of
the model has a twice differentiable likelihood and the Fisher information
matrix is positive definite at the chosen 6. Learning algorithms using the
Fisher kernel can be shown to perform well if the class variable is contained
as a latent variable in the probability model. In [Jaakkola and Haussler
(1999a)] it has been shown that under this condition kernel machines us-
ing the Fisher kernel are asymptotically at least as good as choosing the
maximum a posteriori class for each instance based on the model. In prac-
tise often the role of the Fisher information matrix is ignored, yielding the
kernel k(x,2') = U, U,

Usually, as a generative model a hidden Markov model is used and as
a discriminative classifier a support vector machine is used. The Fisher
kernel has successfully been applied in many learning problems where the
instances are sequences of symbols, such as protein classification [Jaakkola
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et al. (2000); Karchin et al. (2002)] and promoter region detection [Pavlidis
et al. (2001)].

The key ingredient of the Fisher kernel is the Fisher score mapping U,
that extracts a feature vector from a generative model. In [Tsuda et al.
(2002a)] performance measures for comparing such feature extractors are
discussed. Based on this discussion, a kernel is defined on models where the
class is an explicit variable in the generative model rather than only a latent
variable as it is required in the case of Fisher kernels. Empirically, this
kernel performs favourably to the Fisher kernel on a protein fold recognition
task. A similar approach has been applied to speech recognition [Smith and
Gales (2002)].

Recently, a general framework for defining kernel functions on gener-
ative models has been described [Tsuda et al. (2002b)]. The so-called
marginalised kernels contain the above described Fisher kernel as a special
case. The paper compares other marginalised kernels with the Fisher kernel
and argues that these have some advantages over the Fisher kernel. While,
for example, Fisher kernels only allow for the incorporation of second order
information by using a second order hidden Markov model [Durbin et al.
(1998)], other marginalised kernels allow for the use of second-order infor-
mation with a first order hidden Markov model. In [Tsuda et al. (2002b)]
it is shown that incorporating this second-order information in a kernel
function is useful in the prediction of bacterial genera from their DNA.

In general, marginalised kernels are defined on any generative model
with some visible and some hidden information. Let the visible information
be an element of the finite set X and the hidden information be an element
of the finite set S. If the hidden information was known, a joint kernel
ky: (X x8)x (X xS8)— R could be used. Usually, the hidden information
is unknown but the expectation of a joint kernel with respect to the hidden
information can be used. Let z, 2’ € X and 5,5’ € S. Given a joint kernel k,
and the posterior distribution p(s|z) (usually estimated from a generative
model), the marginalised kernel in X is defined as:

k,a') Y p(sle)p(s'|2)k.((z, ), (2, ) -

s,8'€S

To complete this section on kernels from generative models, the idea of
defining kernel functions between sequences based on a pair hidden Markov
model [Durbin et al. (1998)] has to be mentioned. Such kernels have inde-
pendently been developed by Haussler (1999) and Watkins (1999a). Strictly
speaking pair hidden Markov models are not models of the instance space,
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they are generative models of an aligned pair of sequences [Durbin et al.
(1998)].

Recently, Saunders et al. (2003) have shown that syntactic string kernels
(presented in Section 3.4.3) can be seen as a special case of Fisher kernels of
a k-stage Markov process with uniform distributions over the transitions.

3.4.2 Kernels from Instance Space Graphs

This section describes kernels that are based on knowledge about common
properties of instances or relations between instances. The best known ker-
nel in this class is the diffusion kernel [Kondor and Lafferty (2002)]. The
motivation behind this and similar kernel functions is that it is often more
easy to describe the local neighbourhood of an instance than to describe
the structure of the whole instance space or to compute a similarity be-
tween two arbitrary instances. The neighbourhood of an instance might
be all instances that differ with this one only by the presence or absence
of one particular property. When working with molecules, for example,
such properties might be functional groups or bonds. The neighbourhood
relation obviously induces global information about the make up of the in-
stance space. The approach taken in the kernels described in this section is
to try to capture this global information in a kernel function merely based
on the neighbourhood description.

To model the structure of instance spaces, often undirected graphs or
hypergraphs are used. While the use of hypergraphs is less common in
literature, it appears more systematic and intuitive.

A hypergraph is described by a set of vertices V — the instances — and a
set of edges &£, where each edge corresponds to a set of vertices. Each edge
of the hypergraph can be interpreted as some property that all vertices of
the edge have in common. For documents, for example, the edges could
correspond to words or citations that they have in common; in a metric
space the hyperedge could include all vertices with distance less than a
given threshold from some point.

For a hypergraph with n vertices and m edges, we define the n x m
matrix B by B;; = 1 if and only if v; € e; and B;; = 0, otherwise. Let
then the n x n matrix D by defined by Dy; =~ (BT B| = > [BTB]ji.
The matrices BT B and L = D— B B are positive definite by construction.
The matrix L is known as the graph Laplacian. Often also the normalised
Laplacian is used.

Conceptually, kernel matrices are then defined as the limits of matrix
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power series of the form

o0 o0

K=> X (B"B) or K=Y X\(-L)
i=0 i=0

with parameters \;. These power series can be interpreted as measuring

the number of walks of different lengths between given vertices.

As outlined in Section 3.2.1, limits of such power series can be computed
by means of an eigenvalue decomposition of —L or BT B, and a ‘recompo-
sition’ with modified eigenvalues. The modification of the eigenvalues is
usually such that the order of eigenvalues is kept, while all eigenvalues are
forced to become positive.

Examples for such kernel functions are the diffusion kernel [Kondor and
Lafferty (2002)]

‘ =
3

K= Z n! (_L)i )
=0

the von Neumann kernel [Kandola et al. (2003)]
K=Y +"(B"B) ,
i=1

and the regularised Laplacian kernel [Smola and Kondor (2003)]
> . .
K=> 4(-L)".
i=1

For exponential power series like the diffusion kernel, the limit can be
computed by exponentiating the eigenvalues, while for geometrical power
series, the limit can be computed by the formula 1/(1 — ~ve), where e is an
eigenvalue of BT B or —L, respectively. A general framework and analysis
of these kernels can be found in [Smola and Kondor (2003)].

If the instance space is big, the computation of these limits might be
too expensive. For some special instance space structures, such as regular
trees, complete graphs, and closed chains Kondor and Lafferty (2002) give
closed forms for directly computing the the kernel matrix. An application
of the diffusion kernel to gene function prediction has been described in
[Vert and Kanehisa (2003)]. An application of the von Neumann kernel to
document classification has been presented in [Kandola et al. (2003)].

A similar idea of defining a kernel function on the structure of the in-
stance space is described in [Vert (2002)]. In that paper it is described how
global patterns of inheritance can be incorporated into a kernel function
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and how missing information can be dealt with using a probabilistic model
of inheritance. The main difference to the diffusion kernel is that the struc-
tures considered are directed trees and that instances correspond to sets
of vertices in these trees rather than single instances. Trees are connected
acyclic graphs where one vertex has no incoming edge and all other nodes
have exactly one incoming edge. The application considered in that paper
is that of classifying phylogenetic profiles. A phylogenetic profile contains
information about the organisms in which a particular gene occurs. The
phylogenetic information considered in [Vert (2002)] is represented as a tree
such that each leaf (a vertex with no outgoing edge) corresponds to one liv-
ing organism and every other vertex corresponds to some ancestor of the
living organisms. To represent genes, every vertex of the tree is assigned a
random variable. The value of this random variable indicates whether the
corresponding organism has a homologue of the particular gene or not.

If the genomes of all ancestor organisms were available, this information
could be used to define a kernel function reflecting the similarity between
evolutions. A subtree of the above described tree along with an assign-
ment of indicator values to this tree is called an evolution pattern. Ideally
the kernel function on two genes would be defined as the number of evolu-
tion patterns that agree with the phylogenetic histories of both genes. An
evolution pattern agrees with a phylogenetic history if the assignment of
indicator variables is the same for all vertices in the evolution pattern. As
the genomes are only known for some ancestor organisms, a probabilistic
model that can be used to estimate missing indicator variables is suggested
in [Vert (2002)].

For two given phylogenetic profiles x,, y;, the kernel is defined as follows.
Let T be a tree, L be the leaf nodes and C(T') the set of all possible sub-
trees of T'. One particular evolution pattern can be expressed as a subtree
S € C(T) and the corresponding assignment zg of indicator values. p(zs)
denotes the probability of such an evolution pattern having occurred in na-
ture and p(z|zg) is the probability of observing a particular phylogenetic
profile z, given the evolution pattern zg (obtained from the probabilistic
model mentioned above). Then the tree kernel for phylogenetic profiles is
defined as:

krr,y) = Y Y plzs)pxLlzs)pyclzs) -

SeC(T) zs

In [Vert (2002)] it is shown that this kernel function can be computed in
time linear in the size of the tree.
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3.4.3 String Kernels

The traditional kernel function used for text classification is simply the
scalar product of two texts in their ‘bag-of-words’ representation [Joachims
(2002)]. A bag-of-words represents each text by a vector in a Euclidean
space, where each component counts how often a particular word occurs
in a text. This kernel function does not take the structure of the text or
words into account but simply the number of times each word occurs. More
sophisticated approaches try to define a kernel function on the sequence of
characters. Similar approaches define kernel functions on other sequences of
symbols, e.g., on the sequence of symbols each corresponding to one amino
acid and together describing a protein.

The first kernel function defined on strings can be found in [Watkins
(1999b); Lodhi et al. (2001)] and is also described in [Cristianini and Shawe-
Taylor (2000); Scholkopf and Smola (2002)]. The idea behind this kernel is
to base the similarity of two strings on the number of common subsequences.
These substrings need not be contiguous in the strings but the more gaps
in the occurrence of the subsequence, the less weight is given to it in the
kernel function. This can be best illustrated by an example.

Consider the two strings ‘cat’ and ‘cart’. The common subsequences
are ‘c’, ‘a’, ‘t’, ‘ca’, ‘at’, ‘ct’, ‘cat’. As mentioned above, it is useful to
penalise gaps in the occurrence of the subsequence. This can be done
using the total length of a subsequence in the two strings. We now list the
common subsequences again and give the total length of their occurrence
in ‘cat’ and ‘cart’ as well: ‘c’:1/1, ‘a’:1/1, ‘t:1/1, ‘ca’:2/2, ‘at’:2/3, ‘ct’:3/4,
‘cat’:3/4. Usually, an exponential decay is used. With a decay factor A the
penalty associated with each substring is ‘c:(ATAL), ‘a’:(AAL), ‘47:(ATAL),
‘ca’i(A2A?), ‘at’:(A2X3), ‘ct’:(A3A1), ‘cat’:(A3A*). The kernel function is then
simply the sum over these penalties, i.e., k(‘cat’, ‘cart’) = 2AT+ A+ A4 +3)\2.

Let ¥ be a finite alphabet, ¥™ the set of strings of length n from that
alphabet and ¥* the set of all strings from that alphabet. Let |s| denote
the length of the string s € ¥* and let the symbols in s be indexed such
that s = s153...5)5. For a set of indices i let s[i] be the subsequence of
s induced by this set of indices and let [(i) denote the total length of s]i]
in s, i.e., the biggest index in ¢ minus the smallest index in ¢ plus one. We
are now able to define the feature transformation ¢ underlying the string
kernel. For some string u € £™ the value of the feature ¢,(s) is defined as:

buls)= D N,
]

iiu=sli
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The kernel between two strings s,t € £* is then simply the scalar product
of ¢(s) and ¢(t) and can be written as:

bn(s,) = 3 du()ou) = 5 S S NOHO)

ueLn uEX™ jiu=s[i] jru=t[j]

While this computation appears very expensive, using recursive computa-
tion, it can be performed in O(n|s||t|) [Lodhi et al. (2001)].

An alternative to the above kernel has been used in [Paass et al. (2002)]
and [Leslie et al. (2002)] where only contiguous substrings of a given string
are considered. A string is then represented by the number of times each
unique substring of n symbols occurs in the sequence. This representation
of strings by their contiguous substrings is known as the spectrum of a
string or as its m-gram representation. The kernel function is simply the
scalar product in this representation. It is shown in [Leslie et al. (2002)]
that this kernel can be computed in time linear in the length of the strings
and the length of the considered substrings. In [Paass et al. (2002)] not
all possible n-grams are used but a simple statistical test is employed as a
feature subset selection heuristic. This kernel has been applied to protein
[Leslie et al. (2002)] and spoken text [Paass et al. (2002)] classification.
Spoken text is represented by a sequence of phonemes, syllables, or words.

Many empirical results comparing the above kernel functions can be
found in [Lodhi et al. (2002)]. As shown in [Saunders et al. (2003)] these
kernels can be seen as Fisher kernels (presented in section 3.4.1) of a k-
stage Markov process with uniform distribution over the transitions. This
perspective leads to a generalisation of the above kernel that is able to
deal with variable length substrings. In [Vishwanathan and Smola (2003)]
and [Leslie et al. (2003)] string kernels similar to the n-gram kernel are
considered and it is shown how these can be computed efficiently by using
suffix and mismatch trees, respectively. The main conceptual difference to
the n-gram kernel is that a given number of mismatches is allowed when
comparing the n-grams to the substrings.

A quite different kernel on strings can be found in [Zien et al. (2000)].
The focus of that paper is on the recognition of translation initiation sites in
DNA or mRNA sequences. This problem is quite different from the above
considered applications. The main difference is that rather than classifying
whole sequences, in this task one codon (three consecutive symbols) from
a sequence has to be identified as the translation initiation site. Each
sequence can have arbitrarily many candidate solutions of which one has to
be chosen. However, in [Zien et al. (2000)] and earlier work this problem
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is converted into a traditional classification problem on sequences of equal
length.

Fixed length windows of symbols centred at each candidate solution are
extracted from each sequence. The class of one such window corresponds
to the candidate solution being a true translation initiation site or not.
One valid kernel on these sequences is simply the number of symbols that
coincide in the two sequences. Other kernels can, for example, be defined
as a polynomial function of this kernel.

Better classification accuracy is, however, reported in [Zien et al. (2000)]
for a kernel that puts more emphasis on local correlations. Let n be the
length of each window and X be the set of possible symbols, then each
window is an element of X™. For z,a’ € X™ let z;,2; denote the i-th
element of each sequence. Using the matching kernel ks on X first a
polynomial kernel on a small sub-window of length 2] + 1 with weights
w; € R and power d; is defined:

! 4

ki(e o) = | D wiks(zivs, 2iy;)
j=—1
Then the kernel on the full window is simply the polynomial of power do
of the kernels on the sub-windows:

n—I dz
k(z,2") = (Z ki(x,as')) .
i=l

This kernel is called the locality-improved kernel. An empirical comparison
to other general purpose machine learning algorithms shows competitive
results for [ = 0 and better results for larger [. These results were obtained
on the above mentioned translation initiation site recognition task.

Even better results can be achieved by replacing the symbol at some
position in the above definition with the conditional probability of that
symbol given the previous symbol. Let p; rs(x;|z;—1) be the probability of
symbol x; at position ¢ given symbol x; 1 at position ¢ — 1, estimated over
all true translation initiation sites. Furthermore, let p; arr(zi|z;—1) be the
probability of symbol z; at position ¢ given symbol xz;_; at position ¢ — 1,
estimated over all candidate sites. Then we define

si(z) = log p; mis(xi|zi—1) — log piary(@i|Ti—1)
and replace x;; in the locality-improved kernel by s;;(x) and the match-

ing kernel by the product. A support vector machine using this kernel
function outperforms all other approaches applied in [Zien et al. (2000)].
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3.4.4 Tree Kernels

A kernel function that can be applied in many natural language processing
tasks has been proposed by Collins and Duffy (2002). The instances of the
learning task are considered to be labelled ordered directed trees. The key
idea to capture structural information about the trees in the kernel function
is to consider all subtrees occurring in a parse tree. Here, a subtree is defined
as a connected subgraph of a tree such that either all children or no child of
a vertex is in the subgraph. The children of a vertex are the vertices that
can be reached from the vertex by traversing one directed edge. The kernel
function is the inner product in the space which describes the number of
occurrences of all possible subtrees.

Consider some enumeration of all possible subtrees and let h;(T) be the
number of times the i-th subtree occurs in tree 1. For two trees 17,75 the
kernel is then defined as

k(Ty,Ty) = Zh (T1)h

Furthermore, for the sets of vertices Vi and Vs, of the trees T7 and T3, let
S(v1,v2) with v1 € V1, v5 € Vs be the number of subtrees rooted at vertex
v1 and vy that are isomorphic. Then the tree kernel can be computed as

k(Ty, T») Zh T)h > S(vrv) .
v1EV1,v2€ Vs
Let label(v) be a function that returns the label of vertex v, let |67 (v)]
denote the number of children of vertex v, and let 4% (v, j) be the j-th child
of vertex v (only ordered trees are considered). S(vy,v2) can efficiently be
calculated as follows: S(v1,vs) = 0 if label(vy) # label(vs). S(v1,vs) =1 if
label(v1) = label(ve) and |67 (v1)| = [6F (v2)| = 0. Otherwise?,

167 (1)
S(vi,v2) = H (1+5(6%(v1,5),6" (v2,7))) -
k=1
This recursive computation has time complexity O(|V1||Vz]).

Experiments investigated how much the application of a kernelised per-
ceptron algorithm to trees generated by a probabilistic context free gram-
mar outperforms the use of the probabilistic context free grammar alone.
The empirical results achieved in [Collins and Duffy (2002)] are promising.

2Note that in this case |61 (v1)| = |61 (v2)|, as actually the number of children of a
vertex is determined by its label. This is due to the nature of the natural language
processing applications that are considered.
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The kernel function used in these experiments is actually a weighted variant
of the kernel function presented above.

A generalisation of this kernel to also take into account other substruc-
tures of the trees is described in [Kashima and Koyanagi (2002)]. A sub-
structure of a tree is defined as a tree such that there is a descendants
preserving mapping from vertices in the substructure to vertices in the
tree®. Another generalisation considered in that paper is that of allowing
labels to partially match. Promising results have been achieved with this
kernel function in HTML document classification tasks.

Recently, Vishwanathan and Smola (2003) proposed the application of
string kernels to trees by representing each tree by the sequence of labels
generated by a depth-first traversal of the trees, written in preorder no-
tation. To ensure that trees only differing in the order of their children
are represented in the same way, the children of each vertex are ordered
according to the lexical order of their string representation.

3.5 Summary

In the previous part of this book we have described the foundations of kernel
methods and the design of kernel functions. In this chapter we have first
described the importance of choosing the ‘right’ kernel function, and how
that kernel function can be characterised. Afterwards we have summarised
some more or less well known results on kernel combinations, and we have
given a general overview of kernels for sets. Last but not least we gave an
overview of prior work.

In the following two chapters we will now define kernel functions for two
particular knowledge representation formalisms: terms in a higher-order
logic and graphs.

3A descendant of a vertex v is any vertex that occurs in the subtree rooted at v.
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Chapter 4

Basic Term Kernels

Logic takes care of itself; all we have to do is to look and see how it does
it.

(Ludwig Wittgenstein, Tractatus Logico-Philosophicus)

The topic of this book is the application of kernel methods to structured
data. While this clearly involves background from (at least) two research
directions, the previous chapters have mainly focused on different aspects of
kernel methods only. This was necessary as understanding kernel functions
and how they can be applied in learning algorithms is essential to the
definition of good kernel functions for structured data.

Having provided this understanding, we are now ready to look at kernel
functions for particular instance spaces of structured data. In the intro-
duction to this book we have already — rather informally — described
sets of molecules as one structured instance space. An important aspect
is the presence of identifiers (for the atoms/vertices) and links (for the
bonds/edges).

In this chapter we focus on data structures without identifiers and links.
To represent these, we chose to use terms in a typed higher-order logic.
While this logic is powerful enough to also represent identifiers and links,
we will here choose to ignore them. The logic we are using is the variant of
the A-calculus with polymorphic types introduced by Lloyd (2003). We will
consider data structures with identifiers and links in Chapter 4.6, separately.

The outline of this chapter is as follows. Section 4.1 gives an account of
the different logics typically used as representation languages for structured
data and introduces the higher-order logic with polymorphic types that we
use in the remainder of this chapter. Section 4.2 defines a kernel on the
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terms of this logic, investigates some theoretical properties, and describes
how these kernels can be adapted to particular domains. Section 4.3 dis-
cusses in more depth the implications of using this kernel function for one
particular concept class, so-called multi-instance concepts. Section 4.5 pro-
vides a variety of experimental results showing that kernel methods with
kernel functions defined in the framework of this chapter, perform compet-
itive or better than other algorithms applied in the literature. Section 4.6
concludes this chapter.

4.1 Logics for Learning

The uses of logic as a representation language in learning algorithms are
manifold. The simplest type of logic that can be — and has been — used to
represent instances is propositional logic. The research field inductive logic
programming has been using various variants of first-order logic. Lloyd
(2003) recently suggested the use of a typed and polymorphic higher-order
logic for learning; we will adopt this logic. Now, we give a brief introduc-
tion to the different types of logic, focusing on those aspects that are most
important for knowledge representation. The logic we will use is then de-
scribed in Section 4.1.5. To give a coherent view on this logic, we will there
repeat some of the topics of the other sections.

First of all, we need to distinguish between the syntax and semantics of
the logic. The syntax defines a set of symbols and how they can be combined
to form valid statements of the logic. The semantics of the logic describes
the intended meaning of the symbols and their combination. Whether a
valid logical statement is true or false depends only on the semantics — on
how we interpret the symbols and their combination. In the following we
will neglect those aspects of the different logics that are usually not used
for knowledge representation.

4.1.1 Propositional Logic for Learning

Formally, an alphabet of propositional logic consists of a set of atoms, the
five connectives —, V, A, <, <>, and the punctuation symbols ‘(’ and ‘)’. The
formulae of propositional logic can be defined inductively. Every atom is a
formula. Given a formula ¢, the negation of this formula —¢ is a formula.
Given two formulae ¢, ¢’ the connections (¢V@'), (dAP'), (¢ — ¢'), (¢ < ¢')
are formulae. In propositional learning, usually, each instance is represented
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by (possibly negated) symbols connected by conjunctions (with A) such
that the interpretation of the resulting formula is true for the instance we
want to represent. The interpretation of (¢ A ¢') is true if and only if
both ¢ and ¢’ are true. For example, if the instances reflect particular
weather conditions, different symbols that could be available are: sunny,
rainy, and windy. The representation of a rainy day with no sun and no
wind would then be —sunny A rainy A —windy. A shorter but otherwise
equivalent representation of each instance is to use the set of all symbols
whose interpretation is true for the instance we want to represent. Thus, the
above weather conditions could be represented by {rainy}, having exactly
the same interpretation as above.

A strongly related representation language is the so called attribute-
value representation. There, every instance is essentially represented in
one row of a table. Every column of the table corresponds to one attribute.
For every instance, each attribute can take different values. In propositional
logic, the attributes were called atoms and the different possible values were
Booleans such that the resulting conjunction is true for the given instance.
In attribute-value learning, the set of possible values an attribute can take
is called the range or domain of the attribute. For learning problems with
a finite set of possible values of each attribute, propositional representation
and attribute-value representation are essentially equivalent as there is a
straight-forward mapping in either direction.

4.1.2 First-Order Logic for Learning

The knowledge representation usually used in first-order learning extends
this definition most importantly by allowing for a set of so-called back-
ground predicates. First-order logic allows for the following symbols: con-
stants, variables, function symbols, predicate symbols, connectives, punc-
tuation symbols, and quantifiers. Apart from the connectives and punctu-
ation symbols introduced above, ‘,” is used as a punctuation symbol. For
each function and predicate symbol, there is a number called its arity. The
quantifiers are 3 and V. As in propositional logic, the smallest valid formula
is called an atom. Before we can define atoms, we need the notion of a term.
All constants are terms, all variables are terms, and given a n-ary function
symbol f and n terms t1,%s ..., t,, the expression f(t1,to,...,t,) is a term.
An atom can then be constructed from an n-ary predicate symbol P and
n terms tq,ts...,t, as P(t1,ta,...,t,). A literal is an atom or a negated
atom.
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The formulae of first-order logic can be defined inductively. Every atom
is a formula. Given a formula ¢, the negation of this formula —¢ is a formula.
Given two formulae ¢, ¢’ the connections (¢V '), (9AQ), (¢ «— ¢'), (¢ «— &)
are formulae. Last but not least, given a formula ¢ and a variable x, the
expressions Jz ¢ and Vz ¢ are formulae. A formula or term is ground if it
does not contain any variables. The occurrence of a variable in a formula is
bound if it follows directly after a quantifier or if it occurs within the scope
of a quantifier that is directly followed by the same variable. A formula is
closed if every occurrence of every variable is bound.

A clause is a finite (possibly empty) disjunction of literals. An alterna-
tive representation of the clause H1 V...V H,,V-BV...V—-B, with atoms
Hy{,Hs,...H,,, By, Bs,...B,isthe expression H1V...VH,, «— BiA...AB,,.
The lefthand-side of « is here called the head of the clause and the
righthand-side is called the body. A program clause is a clause of the
form H «— Ly A ... A L; where H is an atom and L, ..., L; are literals. A
predicate definition is a finite and non-empty set of program clauses whose
head has the same predicate with the same arity.

The subfield of machine learning concerned with learning in first-order
logic is called inductive logic programming. The usual learning task con-
siderd in inductive logic programming is essentially binary classification of
instances. The class is thereby given by a particular predicate called target
predicate. The instances are literals of this target predicate and the class of
an instance is positive if the literal is an atom and negative if it is a negated
atom. Additionally, inductive logic programming considers frequently the
presence of a set of predicate definitions called the background predicates.
One frequently considered task in inductive logic programming is that of
relational rule learning. There one tries to find a predicate definition of
the target predicate such that this predicate definition together with the
background predicates logically implies all positive instances and none of
the negative instances. The details of logical implication in first-order logic
are beyond the scope of this book and are thus omitted.

4.1.3 Lambda Calculus

We now begin the discussion of the logic we will use to represent instances.
This logic is based on the usual type-free lambda calculus. In lambda cal-
culus, every formula represents a function with one argument. Functions
with many arguments can be obtained by currying the function, that is by
transforming it into two functions with one argument each.
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Formally, we are again given a set of variables, the punctuation symbols
‘(’, ), and “.’; as well as the symbol ‘A\’. The role of A is thereby related
to the role of 3 and V in first-order logic as it also ‘binds variables’. The
set of A-terms is defined inductively: Every variable is a term. Given
a term M and a variable z, the expression (Az.M) is a term called an
abstraction. Given two terms M, N the expression (M N) is a term, called
an application. Furthermore we use the following notational conventions:
F M ... M, represents (...(F My)...)M,,) and A\x125...x,.M represents
(Az1.(Aza. ...(Azp,.M)...))). The occurrence of a variable in a term is
bound, if it follows directly after A\ or if it occurs within the scope of a A
that is directly followed by the same variable. A formula is closed if every
occurrence of every variable is bound. A substitution M[z := N] denotes
the operation of replacing every free occurrence of x in M by N.

Numbers and Boolean values are usually not defined as constants in
lambda calculus, rather are they used as shorthand for some A-term. For
example, Boolean truth values can be defined by true = Axy.x and false =
Azy.y. Using this definition, the conditional if B then P else @ is simply
represented by B P () whenever B is a term that is either true or false.
This can be seen as

true P Q = Azy.x P Q = (Az.(M\y.z)) P) Q) = ((\y.P) Q) =P

and

false P Q= Axy.y P Q= ((Ax.(Ay.y)) P) Q) =((Myy) Q) =@Q .
The usual arithmetic operators on numbers can similarly be recovered as
shorthands for some A-terms. Without proof we will also use this convenient
abbreviation.

The difference between the function symbols used in first-order logic
and the functions of the lambda calculus is that the function symbols are
never evaluated, there is not even a definition of how to compute them.
The functions of lambda calculus, however, are evaluated whenever given
an argument. As we will see later the availability of (real) functions allows
us to model sets and similar data structured within a term rather than
using the background predicates. Still some uses of functions and function
symbols are similar. One example is the representation of lists in either
language. We begin with the representation of an ordered pair in lambda
calculus and define pair = Ax.\y.Ac.cxy. Applying this function to A and
B we obtain pair A B = (Azx.(Ay.(Ac.(cxy)))) A B = Ae.cAB. To extract
the first element we apply the result to true:

pair A B true = Ae.(cAB)(Az.(A\y.z)) = (Ax.(\y.x))AB=A .
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To extract the second element we apply the result to false:
pair A B false = Ac.(cAB)(Az.(M\y.y)) = (Az.(A\y.y))AB =B .

To represent lists we need to define the empty list [| = Az.true and can
then, for example represent the list [A, B, C, D] by the term

(pair A (pair B (pair C (pair D []))))

To access elements of the list, we use combinations of the functions head =
Az.(z true) and tail = Axz.(x false). To test whether a list is empty, we use
the function null = Ad.(d Az.(\y.false)).

It can be shown that all recursive functions can be represented in the
lambda calculus and that exactly the functions that can be computed by
a Turing machine can be represented in the lambda calculus. Although
we omitted important topics of the lambda calculus like conversion and
normalisations, the discussion above should be sufficient to provide a basic
understanding of those aspects of the lambda calculus needed in the further
development of this chapter. We now turn to variants of the lambda cal-
culus with types. Typed versions of lambda calculus are sometimes called
combinatory logic.

4.1.4 Lambda Calculus with Polymorphic Types

So far we have only described untyped logics for knowledge representation.
So why do we need a type system at all? The first reason is the same as
for all programming languages. A type system helps detecting errors in
the representation that would otherwise result in errors at run time or —
even worse — never be detected. The other reason is that whenever we
assume that a complex data structure is composed from different simpler
data structures, we need to account for the possibility that the different
parts have different semantics. Whenever the different parts have different
semantics we need to provide means to associate different kernel functions
with them. Our approach to make this possible is by using types and
associating kernels to particular types.

The types of the logic are built up from a set of type constructors using
the symbol — (for function types) and x (for product types). With every
type constructor there is a number called the arity of the type construc-
tor. For example the type constructor for the Booleans {2 and the type
constructor for the integers Int have both arity zero. The type constructor
for lists List has arity 1 and we can write the type of a list of integers
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simply as List Int. Suppose now, we have declared a function head that
maps a list of type List Int to its first element which has type Int. This
type declaration is called the signature of the function head and denoted by
head : List Int — Int. If we need a function that maps a list of Booleans
to its first element, with types in place, we would need to declare a new
function. This creates a lot of overhead which can be avoided in two ways.
Firstly, we could omit the type system or, secondly, we could use a poly-
morphic type system. For the above reasons we do not want to omit the
type system. We thus need to introduce polymorphic types.

The types of the logic are then expressions built up from the set of type
constructors and a set of parameters (that is, type variables), using the
symbol — and x. For example, consider again the type constructor List of
arity one, used to provide the list types. We can now declare the function
head using a type variable a as head : List a — a. A closed type is a type
not containing any parameters, the set of all closed types is denoted by &°.

We have now introduced separately all ingredients of the logic we will
use for representing structured instances. In the next section we will clarify
how these ingredients interact, revise the definition of terms of the logic with
the type system in place, and outline which terms are used for knowledge
representation in learning systems — the so-called basic terms.

4.1.5 Basic Terms for Learning

In the logic for learning algorithms proposed by Lloyd (2003), instances are
represented by basic terms in a typed higher-order logic. The alphabet of
the logic consists of a set of type constructors with a given arity, a set of
parameters, a set of constants with given signature, and a set of variables.
The types of the logic are built up from a set of type constructors and
the set of parameters using the symbol — (for function types) and x (for
product types). They are defined inductively. Every parameter is a type.
Given a type constructor 1" of arity n and types aq, ..., a,, the expression
T ay...ap is a type. Given types a, (3, the expression o« — 3 is a type.
Given types aq, ..., a,, the expression o X - -+ X a, i a type.

An example of the constants of the logic are the symbols T (true) and L
(false). Furthermore, two different kinds of constants, data constructors and
functions, are distinguished. Data constructors are the function symbols
of first-order logic, functions are the ‘true’ functions of the typed lambda
calculus. A signature is the declared type of a constant. For example, the
empty list constructor [] has signature List «, where « is a parameter and
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List is a type constructor. The list constructor # (usually written infix)
has signature o« — List o« — List . Thus # expects two arguments, an
element of type « and a list of type List o, and produces a new list of type
List a. If a constant C' has signature «, we denote this by C' : a.

The terms of the logic are the terms of the typed A-calculus, which
are formed in the usual way by abstraction, tupling, and application from
constants in € and a set of variables. £ denotes the set of all terms (obtained
from a particular alphabet). A term of type (2 is called a formula. A
function whose codomain type is {2 is called a predicate. In the logic,
one can introduce the usual connectives and quantifiers as functions of
appropriate types. Thus the connectives conjunction, A, and disjunction,
V, are functions of type 2 — {2 — (2. In addition, if ¢ is of type (2, the
abstraction Az.t is written {z | t} to emphasise its intended meaning as
a set. There is also a tuple-forming notation (...). Thus, if #,...,t, are
terms of type 71,...,7,, respectively, then (¢1,...,t,) is a term of type
T1 X =+ X Tp.

Now we come to the key definition of basic terms. Intuitively, basic
terms represent the instances that are the subject of learning. Basic terms
fall into one of three kinds: those that represent individuals that are lists,
trees, and so on; those that represent sets, multisets, and so on; and those
that represent tuples. The second kind are abstractions. For example, the
basic term representing the set {1,2} is

Az.if £ =1then T else if x =2 then T else L,
and
Ax.if x = A then 42 else if x = B then 21 else 0

is the representation of the multiset with 42 occurrences of A and 21 oc-
currences of B (and nothing else). Thus we adopt abstractions of the form

Ax.if x =ty then sy else ... if x =1t, then s, else s

to represent (extensional) sets, multisets, and so on. The term sg here is
called a default term and for the case of sets is L and for multisets is 0.
Generally, one can define default terms for each (closed) type. The set of
default terms is denoted by @ [for full details on default terms see Lloyd
(2003)].

Definition 4.1 (Basic terms). The set of basic terms, B, is defined in-
ductively as follows.
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(1) If C is a data constructor having signature o1 — -+ — o0, —
(T ay...ag), t1,...,tn € B (n >0), and t is C ty...t, € £, then
t€B.

(2) If t1,...,t, €B, $1,..., 8, €EB (n>0), so €D and t is

Ax.if © =ty then sy else ... if x =t, then s, else sy € £,

then t € B.
(8) If t1,...,t, € B (n>0) and t is (t1,...,t,) € £, then t € B.

Part 1 of the definition of the set of basic terms states, in particular,
that individual natural numbers, integers, and so on, are basic terms. Also
a term formed by applying a data constructor to (all of) its arguments, each
of which is a basic term, is a basic term. Consider again lists formed using
the data constructors [] having signature List «, and # having signature
a — List a — List a. Then A#B#C#(] is the basic term of type List «
representing the list [A4, B, C], where A, B, and C are constants having
signature «. Basic terms coming from Part 1 of the definition are called
basic structures and always have a type of the form Tag ... a,.

The abstractions formed in Part 2 of the definition are “almost constant”
abstractions since they take the default term sg as value for all except a
finite number of points in the domain. They are called basic abstractions
and always have a type of the form 3 — ~. This class of abstractions
includes useful data types such as (finite) sets and multisets (assuming
1 and 0 are default terms). More generally, basic abstractions can be
regarded as lookup tables, with sy as the value for items not in the table.
In fact, the precise definition of basic terms in [Lloyd (2003)] is a little
more complicated in that, in the definition of basic abstractions, t1,...,t,
are ordered and s1, ..., s, cannot be default terms. These conditions avoid
redundant representations of abstractions.

Part 3 of the definition of basic terms just states that one can form a
tuple from basic terms and obtain a basic term. These terms are called
basic tuples and always have a type of the form oy X -+ X a,.

Compared with Prolog, our knowledge representation offers a type sys-
tem which can be used to express the structure of the hypothesis space
and thus acts as a declarative bias which simplifies the definition of ker-
nel functions. The other important extension are the abstractions, which
allow us to use genuine sets and multisets. In fact, Prolog only has data
constructors (functors), which are also used to emulate tuples.

It will be convenient to gather together all basic terms that have a type
more general than some specific closed type. In this definition, if o and 3



94 Kernels for Structured Data

are types, then « is more general than 3 if there exists a type substitution
& such that 8 = a&.

Definition 4.2 (Basic terms of a given type). For each o € &€, de-
fine B, = {t € B | t has type more general than a}.

The intuitive meaning of B, is that it is the set of terms representing
individuals of type «.

For use in the definition of a kernel, we introduce some notation. If
s € B, and t € Bg, then V(s t) denotes the “value” returned when s
is applied to ¢ [the precise definition is in Lloyd (2003)]. For example, if
s is Ax.if x = A then 42 else if * = B then 21 else 0 and ¢t is A, then
V(s t) =42. Also, if u € Bs_,, the support of u, denoted supp(u), is the
set {v € B | V(uv) ¢ D}. Thus, for the s above, supp(s) = {4, B}.

We now show how to represent directed graphs in this logic: There is a
type constructor Graph such that the type of a graph is Graph v €, where
v is the type of information in the vertices and ¢ is the type of information
in the edges. Graph is defined by

Graph ve ={ID x v} x {(ID x ID) x e},

where ID is the type of identifiers. Note that this definition corresponds
closely to the mathematical definition of a graph: each vertex has a unique
ID and each edge is uniquely identified by the ordered pair of labels of the
vertices it connects.

The edges of graphs can be seen as links connecting different parts of one
term with each other. In this chapter we will not exploit this sort of identi-
fier and link structures. The main reason for this is that a recursive kernel
definition exploiting identifiers and links need not necessarily converge. A
related problem is how to actually compute these kernels. Chapter 4.6 will
investigate these topics for directed and undirected graphs in detail. In the
remainder of this chapter we will ignore the special nature of identifiers and
links.

4.2 Kernels for Basic Terms

Having introduced our knowledge representation formalism in Section 4.1,
we are now ready to define kernels for basic terms. In Section 4.2.1 we
define a default kernel on basic terms. In Section 4.2.2 we show that the
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kernel is positive definite. In Section 4.2.3 we show how to adapt the default
kernel to match more closely the domain under investigation.

4.2.1 Default Kernels for Basic Terms

Our definition of a kernel on basic terms assumes the existence of kernels
on the various sets of data constructors. More precisely, for each type con-
structor T' € T, k7 is assumed to be a positive definite kernel on the set of
data constructors associated with 7. For example, for the type constructor
Nat, knqt could be the product kernel defined by knet(n,m) = nm. For
other type constructors, say M, the matching kernel could be used, i.e.,
ko (z,2') = ks(x, ).

Definition 4.3 (Default kernel for basic terms). The function k
B x B — R is defined inductively on the structure of terms in B as follows.

(1) If s,t € B,, where « = T «y...ar for some T,aq,...,q, S i
Cs1...8,, and t is D ty...t,, then
k1 (C, D) if C#D
k(s,t) =

kr(C,C) + Z k(si,ti) otherwise
i=1
(2) If s,t € B, where a« = 3 — =, for some (3, 7, then
k(s,t) = Y k(V(su),V(tv))-k(u,v).

u€supp(s)
vEsupp(t)

(3) If s,t € B, where & = a3 X -+ X q, for some ai,...,q,, S is
(81y...,8n) and t is (t1,...,t,) then

n
]43(8, t) = Z k‘(Si, ti)
i=1
(4) If there does not exist o € & such that s,t € B, then k(s,t) = 0.

Definition 4.3 originates from work first presented in [Gértner et al.
(2002b)]. Lloyd (2003, Definition 3.7.4) gives a less general definition for
which some nicer theoretical properties can be shown but which is not flex-
ible enough for practical applications. In particular, Lloyd (2003) restricts
Part 2 of the definition to the case where k is the matching kernel on Bg
so that

k(s,t) = Z E(V(su),V(tu)),

u€supp(s)Nsupp(t)
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for s,t € Bz_.,. The generalisation above is important in practise and each
of the applications described in Section 4.5 will use it.

We proceed by giving examples and some intuition of the default kernel
defined above. In the following examples we will be somewhat sloppy with
our notation and identify basic terms with the lists, sets, and multisets they
represent.

Example 4.1 (Default kernel on lists). Let M be a nullary type con-
structor and A, B,C,D : M. Let # and || be the usual data constructors
for lists. Choose kp; and Kr;st to be the matching kernel. Let s be the list
[A,B,C] € BList m, t =[A, D], and u=[B,C]. Then

k(s,t) = kpise((#), (#)) + k(A, A) + k([B, C], [D])
=14 rm(A,A) + kit ((#), (#)) + k(B, D) + k([C1, ]])
=14+14+14+r6m(B,D)+ krist((#),[])
—340+0
=3.

Similarly, k(s,u) =2 and k(t,u) = 3.

The intuition here is that if we use the matching kernel on the list construc-
tors and on the elements of the lists, then we can decompose the kernel as
k(s,t) =1+ m+n where [ is the length of the shorter list, m is the number
of consecutive matching elements at the start of both lists, and n = 1 if the
lists are of the same length and 0 otherwise.

The kernel used in the above example is related to string kernels [Lodhi
et al. (2002)] in so far as they apply to the same kind of data. However, the
underlying intuition of list /string similarity is very different. String kernels
measure similarity of two strings by the number of common (not necessarily
consecutive) substrings. The list kernel defined above only takes the longest
common consecutive sublist at the start of the two lists into account. This
is more in line with the interpretation of lists as head-tail trees (used also
in inductive logic programming), and the kind of matching performed by
anti-unification.

Example 4.2 (Default kernel on sets). Let M be a nullary type con-
structor and A, B,C, D : M. Choose kp; and kg to be the matching kernel.
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Let s be the set {A,B,C} € By, t ={A,D}, and u={B,C}. Then
k(s,t) = k(A, A)k(T,T) +k(A, D)k(T,T) + k(B, A)k(T,T)
+ k(B,D)k(T,T) + k(C, A)k(T, T) + k(C,D)k(T,T)
=km(A, A) + ki (A, D)+ ki (B, A) + kp (B, D)
+rm(C, A) + km(C, D)
=140+40+04+040
=1.

Similarly, k(s,u) =2 and k(t,u) = 0.

The intuition here is that using the matching kernel for the elements of the
set corresponds to computing the cardinality of the intersection of the two
sets. Alternatively, this computation can be seen as the inner product of
the bit-vectors representing the two sets. Set kernels have been described
in more detail in Section 3.3.1.

Example 4.3 (Default kernel on multisets). Let M be a nullary type
constructor and A, B,C, D : M. Choose k) to be the matching kernel, and
KNat to be the product kernel. Let s be (A, A, B,C,C,C) € By nat (i-e.,
s 1s the multiset containing two occurrences of A, one of B, and three of
C),t=(A,D,D), and u=(B,B,C,C). Then

k(s,t) = k(2,1)k(A, A) + k(2,2)k(A, D)
+ E(1,1)k(B,A) + k(1,2)k(B, D)
+E(3,1)k(C, A) + k(3,2)k(C, D)
=2x14+4x04+1x04+2x0+3x04+6x0
=2.

Similarly, k(s,u) =8 and k(t,u) = 0.

The intuition here is that using the product kernel for the elements of the
multiset corresponds to computing the inner product of the multiplicity
vectors representing the two multisets. Multiset kernels have been described
in more detail in Section 3.3.3.

These examples were kept deliberately simple in order to illustrate the
main points. The kernel defined in Definition 4.3 provides much more
flexibility in three important respects: (i) it allows nesting of types, such
that e.g. sets can range over objects that are themselves structured; (ii)
it allows flexibility in the choice of the kernels on data constructors, such
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that e.g. elements of lists can partially match as in DNA sequences; and
(iii) it allows flexibility in the way in which examples are modelled in the
framework, such that e.g. a list does not have to be represented by a head-
tail tree if that does not match its semantics.

4.2.2 Positive Definiteness of the Default Kernel

Now we can formulate the main theoretical result of this chapter.

Proposition 4.1 (Positive definiteness). Let k : B x B — R be the
function defined in Definition 4.3. For each o € &°, it holds that k is a
positive definite kernel on B, if the kernels kp on the data constructors
associated with the same type constructor T are positive definite.

As mentioned above, the kernel of Definition 4.3 originates from work
first presented in [Gértner et al. (2002b)]. The kernel presented in (Lloyd,
2003, Definition 3.7.4) is less general which allows for a stronger proposition
to hold but which is not flexible enough for practical applications. Before
giving the full inductive proof of this Proposition, we give the relevant
definitions and an intuitive outline of the proof. The key idea of the proof
is to base the induction on a ‘bottom-up’ definition of 9.

Definition 4.4. Define {B,, },,enufoy inductively as follows.

By = {C | C is a data constructor of arity 0}
Br1 ={Cty...t, € £]C is a data constructor of arity n and
th,. oty € Bp(n > 0)}
U {Az.if © =t then sq else...if x =t, then s, else sp € £ |
t1y . estn € B, S1,.- 550 € By, and s € D}
U{(t1,.. ,tn) €L |t1,. . tn € B}

One can prove that B,,, C B,,, 41, for m € N, and that B = |J,,cny Bm.
The intuitive outline of the proof of Proposition 4.1 is as follows: First,
assume that those kernels occurring on the right-hand side in Definition 4.3
are positive definite. Then the positive definiteness of the (left-hand side)
kernel follows from the closure properties of the class of positive definite
kernels. The kernel on basic structures is positive definite because of closure
under sum, zero extension, and direct sum, and because the kernels defined
on the data constructors are assumed to be positive definite. The kernel on
basic abstractions is positive definite as the function supp returns a finite
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set, and kernels are closed under zero extension, sum, and tensor product.
The kernel on basic tuples is positive definite because of closure under direct
sum.

Proof. First the symmetry of k on each B, is established. For each
m € NU {0}, let SYM (m) be the property:

For all o € 6¢ and s,t € B4 N By, it follows that k(s,t) = k(¢,s).

It is shown by induction that SYM (m) holds, for all m € N. The symmetry
of k on each B, follows immediately from this since, given s,t € B, there
exists an m such that s,t € B, (because B = |J B,, and B,, C B, 11,
for all m € N).

First it is shown that SYM(0) holds. In this case, s and ¢ are data
constructors of arity 0 associated with the same type constructor T', say. By
definition, k(s,t) = kr(s,t) and the result follows because kr is symmetric.

Now assume that SYM (m) holds. It is proved that SYM (m + 1) also
holds. Thus suppose that a € 6¢ and s,t € B,NB,,41. It has to be shown
that k(s,t) = k(t,s). There are three cases to consider corresponding to
« having the form T a;...ax, 8 — 7, or a; X -+ X a,,. In each case, it
is easy to see from the definition of k£ and the induction hypothesis that

k(s,t) = k(t,s). This completes the proof that k is symmetric on each B,,.
For the remaining part of the proof, for each m € N U {0}, let PD(m)
be the property:

meN

Forallm e N ae€ &% t1,...,tn € BaNBy, and c1,...,cn, € R, it holds
that Zme{l 7777 ny Ci Cj k(ti,t;) > 0.

It is shown by induction that PD(m) holds, for all m € N. The remaining
condition for positive definiteness follows immediately from this since, given
t1,...,t, € B,, there exists an m such that t1,...,t, € B.,.

First it is shown that PD(0) holds. In this case, each t; is a data
constructor of arity 0 associated with the same type constructor T', say. By
definition, k(t;,t;) = xr(t;,t;), for each i and j, and the result follows since
k7 is assumed to be positive definite.

Now assume that PD(m) holds. It is proved that PD(m + 1) also
holds. Thus suppose that n € ZT,a € &, t1,...,t, € Bo N Byuy1, and
ct,...,¢, € R. It has to be shown that Zi7j€{17~~»7n} ¢ ¢ k(ti,t;) > 0.
There are three cases to consider.

(1) Let @« =T ay ... ayx. Suppose that t; = C; tgl) .. .tgmi), where m; > 0,
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fori=1,...,n. Let C={C; |i=1,...,n}. Then
Z C; Cj k(ti,tj)

i,j€{1,...,n}
= Z C; Cj KT(Oi,Oj)
i,j€{1,...,n}
l l
+ Z Ci Cj Z k)(tg),tg))
i,j€{1,...,n} le{1,...,arity(C;)}
=43

Now

Z C; Cj HT(CZ‘7CJ‘) Z 0
i,5€{1,...,n}
using the fact that k7 is a positive definite kernel on the set of data
constructors associated with 7. Also
n oL
S e X KO

i,j€{1,...,n} 1e{1,...,arity(C;)}

i=Cj

=> X > ok
CeC i je{1,...n} lE{1,...,arity(C)}
C

i =Cj=

=2 X > ekt )
ceC 1e{l,...,arity(C)} i,5€{1,...,n}
1=C;=C

>0

)

by the induction hypothesis.
(2) Let « =3 — 7. Then

Z C; Cj k}(ti,tj)

i,j€{1,...,n}
= Z ¢ ¢ Z k(V(ti uw),V(tjv)) - k(u,v)
i,5€{1,...,n} u€supp(t;)

vEsupp(t;)

= > X agk(V(tw),V(t ) k)
i,5€{1,...;n} uCsupp(t;)
veEsupp(t;)

- > ci ¢ k(V(tu),V(t; v) - k(u,v)

(i), (d,v)€
{(k,w) | k=1,...,n and wE€supp(tx)}

>0.
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For the last step, we proceed as follows. By the induction hypothesis, k&
is positive definite on both Bz NB,, and B, N*B,,. Hence the function

h:((BgNBm) X (ByNBp)) x ((BgNB,y) x (B,NB,)) =R
defined by
h((w,y), (v, 2)) = k(u,v) - k(y, 2)

is positive definite, since h is a tensor product of positive definite kernels
(Section 3.2.1). Now consider the set

{(u, V(t; w)) |i=1,...,n and u € supp(t;)}

of points in (Bg N By,) X (B, N B,,) and the corresponding set of
constants

{cinw]i=1,...,n and u € supp(t;)},

where ¢;,, = ¢;, foralli =1,...,n and u € supp(t;).
(3) Let @« = a3 X -+ X a;,. Suppose that t; = (tz(vl),...7ztl(4m))7 for i =

1,...,n. Then
Z Ci Cj k(ti,t]‘)

i,j€{1,...,n}
- 3 wa(Smre)
i,5€{1,....,n}
:Z Z cicj k(t fl),ty))
I=1 4je{l,...,n}
>0

)

by the induction hypothesis.

4.2.3 Specifying Kernels

The kernel defined in the previous section closely follows the type structure
of the individuals that are used for learning. As indicated, the kernel as-
sumes the existence of atomic kernels for all data constructors used. These
kernels can be the product kernel for numbers, the matching kernel which
just checks whether the two constructors are the same, or a user-defined
kernel. In addition, kernel modifiers (see Section 3.2.2) can be used to
customise the kernel definition to the domain at hand. In this section, we
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suggest how atomic kernels and kernel modifiers could be specified by an
extension of the Haskell language [Jones and Hughes (1998)].

To incorporate domain knowledge into the kernel definition, it will fre-
quently be necessary to modify the default kernels for a type. For these
modifiers, the choices discussed in Section 3.2.2 are offered. Other modifiers
can be defined by the user, using the syntax below.

We suggest that kernels be defined directly on the type structure (spec-
ifying the structure of the domain and the declarative bias). We intro-
duce our suggested kernel definition syntax by means of an example: the
East/West challenge [Michie et al. (1994)] that describes an instance space
of trains with different cars, each of which is described by a number of at-
tributes. The learning task is to classify trains as eastbound or westbound.

eastbound :: Train -> Bool

type Train = Car -> Bool with modifier gaussian 0.1
type Car = (Shape,Length,Roof,Wheels,Load)

data Shape = Rectangle | Oval

data Length = Long | Short

data Roof = Flat | Peaked | None with kernel roofK
type Wheels = Int with kernel discreteKernel

type Load = (LShape,LNumber)

data LShape = Rectangle | Circle | Triangle

type LNumber = Int

The first line declares the learning target eastbound as a mapping from
trains to the booleans. A train is a set of cars, and a car is a 5-tuple
describing its shape, its length, its roof, its number of wheels, and its load.
All of these are specified by data constructors except the load, which itself
is a pair of data constructors describing the shape and number of loads.

The with keyword describes a property of a type, in this case kernels
and kernel modifiers. The above declarations state that on trains we use a
Gaussian kernel modifier with bandwidth v = 0.1. By default, for Shape,
Length and LShape the matching kernel is used, while for LNumber the
product kernel is used. The default kernel is overridden for Wheels, which
is defined as an integer but uses the matching kernel instead. Finally, Roof
has been endowed with a user-defined atomic kernel which could be defined
as follows:

roofK :: Roof -> Roof -> Real
roofK x x = 1
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roofK Flat Peaked = 0.5
roofK Peaked Flat 0.5
roofK x y = 0

This kernel counts 1 for identical roofs, 0.5 for matching flat against peaked
roofs, and 0 in all other cases (i.e., whenever one car is open and the other
is closed).

Finally, the normalisation modifier could be implemented as the follow-
ing higher-order function:

normalised :: (t->t->Real) -> t -> t -> Real
normalised k x y = (k x y) / sqrt((k x x)*x(k y y))

In this section we have presented a kernel for structured data that closely
follows the syntactic structure of individuals as expressed by their higher-
order type signature. The default setting assumes the product kernel for
numbers and the matching kernel for symbols, but this can be overridden
to match the semantics of the data more closely. The simplicity with which
different kernels (kernel modifiers) can be defined on the different parts of
the instances clearly advocates the use of a typed knowledge representation
language like the one we use.

4.3 Multi-Instance Learning

To investigate in more depth the implications of using the basic term ker-
nel, we now consider one particular problem class, so called multi-instance
learning problems. This class of problems has recently received a significant
amount of interest from the machine learning community. One popular ap-
plication of multi-instance learning is drug activity prediction problems in
which chemical compounds are described by the surface shape of several
low-energy conformations.

Multi-instance (MI) learning problems [Dietterich et al. (1997)] occur
whenever example objects, individuals, can not be described by a single
characteristic feature vector, but by a set of vectors. Any of these vectors
could be responsible for the classification of the set. The inherent difficulty
of MI problems is to identify the characteristic element of each bag.

To apply basic term kernels to MI problems, we view every set of vectors
as an abstraction. The corresponding kernel is then the default kernel
for basic abstractions. To incorporate our knowledge about multi-instance
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concepts, we use a polynomial modifier on the elements of the sets, that
is, on basic tuples. In particular, the kernel we consider coincides with the
soft-maximal set kernel of Section 3.3.2.

The main result of this section is that these basic term kernels can be
shown to separate positive and negative MI sets under natural assumptions.
We furthermore give a Novikoff type bound for the kernel perceptron (Sec-
tion 2.4.4) with this kernels. Most importantly, this bound is polynomial
in the number of instances per bag and does not depend on the dimen-
sionality of the feature space. This is important in kernel methods as the
dimensionality of the feature space is often infinite.

Subsection 4.3.1 introduces the MI setting under various aspects. Sub-
section 4.3.2 gives an account of the separability of MI problems in kernel
feature space and devises a suitable kernel. Subsection 4.3.3 gives a Novikoff
(1963) type bound for the kernel perceptron on the same kind of problems.
Subsection 4.3.5 discusses an alternative way to apply attribute-value learn-
ing algorithms to MI problems.

Later, in Section 4.5.2, empirical studies compare this kernel to other MI
learning algorithms. On one hand, an SVM using this kernel is compared
to state of the art MI algorithms. On the other hand, it is compared to
other methods that can be used to apply SVMs to MI data. In both studies
the kernel proposed in this section compares favourably.

4.3.1 The Multi-Instance Setting

MI problems have been introduced under this name in [Dietterich et al.
(1997)]. However, similar problems and algorithms have been considered
earlier, for example in pattern recognition [Keeler et al. (1991)]. Within
the last couple of years, several approaches have been made to upgrade
attribute-value learning algorithms to tackle MI problems. Other ap-
proaches focused on new algorithms specifically designed for MI learning.

Recall that concepts are functions vy : X — {41, —1}, where X is often
referred to as the instance space and {+1,—1} are the labels. There are
2%l concepts on the instance space X. A function f : X — R is said to
separate the concept if f(x) > 0 < vi(z) = +1.

If examples are represented by subsets of some domain X concepts are
functions veet : 2% — {+1,—1}. There are 22! Jifferent concepts on
sets. Such concepts are sometimes referred to as multi-part concepts. MI
concepts are a specific kind of these concepts.



Basic Term Kernels 105

Definition 4.5. A multi-instance concept is a function vy 2%

{+1,—1}. It is defined as:
vai(X) =41 Jz e X :y(z) = +1

where vy is a concept over an instance space (referred to as the ‘underlying
concept’), and X C X is a set.

There are 2%l different MI concepts. The difficulty in this task is not
just to generalise beyond examples, but also to identify the characteristic
element of each bag. Any learning algorithm that sees a positive bag (a
bag with label 4+1) cannot infer much about the elements of the bag, except
that one of its elements is positive in the underlying concept. With large
bag sizes this information is of limited use.

A popular real-world example of a multi-instance problem is the pre-
diction of drug activity, introduced in the musk domain [Dietterich et al.
(1997)]. A drug is active if it binds well to enzymes or cell-surface recep-
tors. The binding strength is determined by the shape of the drug molecule.
However, most molecules can change their shape by rotating some of their
internal bonds. The possible shapes of a molecule, i.e., a combination of
the angles of the rotatable bonds of the molecule, are known as conforma-
tions. A drug binds well to enzymes or cell-surface receptors if one of its
conformations binds well. Thus the drug activity prediction problem is a
multi-instance problem. A molecule is represented by a set of descriptions
of its different conformations. The shape of each conformation is described
by a feature vector where each component corresponds to the length of
one ray from the origin to the molecule surface. More details on the musk
domain are given in Section 4.5.2.

4.3.2 Separating MI Problems

In this subsection we define a kernel function on sets of instances that sep-
arates MI problems under natural assumptions. Using this kernel function,
SVMs and other kernel methods can easily be applied to MI problems. We
begin by introducing the notion of separability.

Separability A concept v1 : X — {—1,+1} is called linearly separable in
input space if

VeeX: (z,¢) >0 uv(r)=+1
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holds for some constant ¢ and threshold 6. Likewise, a concept is called
linearly separable with respect to a feature map ¢ if
VeeX: (¢(x),ce) >0 m(x) =+1
holds for some ¢4 € span{¢(z) : z € X'}. In what follows we often use the
term separable to refer to concepts that are linearly separable with respect
to a feature transformation given implicitly by a kernel.
In particular, we will later assume that for some cy, b the following holds
for every z € X
v(z) =41 = (p(z),ce) +b>1
vi(z) =—1 =0< (¢(x),cp) +b<1—€
Note that we can, without loss of generality, assume that b = 0, since for
given ¢, cy,b the map = — (¢(x),1) together with (cg,b) will satisfy the
above condition without a constant offset.

(4.1)

We will now discuss the soft-maximal set kernel from Section 3.3.2 in
more detail:

Multi-Instance Kernel Given a kernel ki(-, ) and a constant p > 0, we
define:
(X, X)) = > k(). (4.2)
zeX,x'eX’

If k1 (-, ) is, for example, a Gaussian RBF kernel, then it is not necessary
to require p € N, since in this case k7 (-,-) is a Gaussian RBF kernel itself,
albeit with width ¢2/p instead of o?. In general, however, we need to
require that p € N. Then, since products of kernels are kernels, also k7 (-, -)
is a kernel, and consequently also k(- -) is a kernel.

The specification of a multi-instance kernel in the context of the basic
term kernel framework can be found in Section 4.5.2 where we also present
empirical results.

We are now able to give the main result of this section.

Lemma 4.1. A MI concept vy is separable with the kernel kyy, as defined
in (4.2), for sufficiently large p, if the underlying concept vy is separable with
the kernel k1 and some €, according to (4.1).

Inm

——= - otherwise. Here m is a
In(1—e¢)

Proof. Letp > 0ife =1, and p >
bound on the cardinality of the bags X.
Since the concept is separable, there exists a ¢, satisfying (4.1). Now
consider the function
F(X) = (d(@),co)” .

zeX
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One can see that if vyi(X) = +1, i.e., there is a x € X satisfying vi(z) =
+1, then

fX)=1r=1.

Furthermore, if vp1(X) = —1, i.e., there is no z € X satisfying v1(z) = +1,
then

f(X)gm(l—e)p<771(1—6)_15(“171116:17 -

Discussion Before we proceed with the next section, it is useful to discuss
— in general terms — the relationship between functions like &y (-, ) and
f(-) above.

Let £k : X x X — R be a positive definite kernel with k(z,2’) =
(p(x), p(z")) and let h(-) be a function that takes a positive definite kernel as
an argument and returns another positive definite kernel. When applied to
the inner product (-, -), it performs the following map h : (-, -} — (¥ (-), 9 (-)).

We are
now interested in the function K(X,X') = 3>° v .y h(k(z,2")). Ob-
viously A(k(z,2")) = (P(o(x)), P(¢(2)) and K(X, X') = (B(X), (X))
with (X) = X,y = w(6(x).

Now we can rewrite functions like f(X) in these terms:

FX) = h({(d(x), ) = <Z w(¢(X>>7w(c¢>> = (B(X),co) -

reX zeX

The above lemma then says that if v1(-) is linearly separable with re-
spect to ¢ then vy(+) is linearly separable with respect to ®. In the next
section we will provide a bound on the number of steps needed by the kernel
perceptron with the MI kernel to converge to a consistent solution.

Example 4.4. Let X = Q* = {T,1}* 2 € X, v = (21,79, 73,74),
vi(z) & x2 A 24, and

kl(xay) = Z L.
T =yi=T
Then m = 16, as max; | X;| < |X| = 2 = 16, and ¢ = 1/2. Here we have
p=52>logl6/log2.

The following example illustrates that the intersection kernel (and thus also
the crossproduct kernel) separates MI concepts on discrete sets.
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Example 4.5. Let X = {a,b,¢,d}, C = {a,c}, vi(x)=x € C, and
ki(z,y) = ks(z,y). Then e = 1, m = 4 as max; | X;| < |X| = 4), and
p=1>0. It follows that:

ki (X, Y) = > ks(z,y) = [XNY| = ket (X,Y) -
zeX,yey

It follows directly from the lemma above and from the definition of con-
volution kernels [Haussler (1999)] that (for finite example sets) MI concepts
can be separated with convolutions of Gaussian RBF kernels if the under-
lying concept can be separated with Gaussian RBF kernels, since in this
case ki is a Gaussian RBF kernel itself, albeit with width o2 /p instead of
o2. In this case the MI kernel does not require an additional parameter
to be chosen. Also note that for RBF kernels, Equation (4.1) always holds
with b = 0.

We need one further lemma:

Lemma 4.2. If an MI concept vy is separable then the underlying concept
vy is separable.

Proof. Say fumi(Z) is a function that separates positive and negative bags
(fmi(Z) > 0 nn(Z) = +1). Then fi(z) = fan({z}) is a function that
separates the underlying concept (with fi(z) > 0 < v1(z) = +1). O

It is now easy to show:

Theorem 4.1. An MI concept vy (+) is separable by kyi(-,-) with a non-
zero margin if and only if the underlying concept vi(-) is separable by the
kernel ki(-, ) with a non-zero margin.

Proof. In Lemma 4.1 the margin of the MI problem is
6M1:1—m(1—6)p>0.

Furthermore, assuming a margin € on fy(-) in Lemma 4.2, a margin of €
can be found on fi(+). The lower bounds are maintained similarly. O

4.3.3 Convergence of the MI Kernel Perceptron

In this section we show a Novikoff type bound (Section 2.4.4) for the kernel
perceptron using the MI kernel function (4.2). Most importantly, if all
parameters of the underlying classification problem are considered constant
then this bound is polynomial in the number of instances per bag.
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The Novikoff (1963) theorem for perceptrons (see Section 2.4.4) states:
If there are R,£ > 0,c5 € RY such that ||z;]] < R and y; (cs, x;) > £ then

the perceptron makes at most (% mistakes.

The importance of the Novikoff theorem is that the number of errors
does not depend on the dimensionality of the feature space. Therefore it
is possible to replace the inner product in R by any kernel function k
without losing the convergence property. In Section 2.4.4 we derived this
bound for the kernel perceptron. The only difference is that here we use
lcs|I* in the enumerator instead of || f*(-)||3,. Their relationship can be

seen by computing

If* (I = <Z aik(zi, ), Zaik(%" ')>

and replacing k(x;,-) by ¢ : X — Iy with k(z;,z;) = (¢(zs), ¢(z;)) which
is possible as all realisations of Hilbert spaces are isomorphic. Then

17Ol = <Zai¢<zi>,2ai¢<xi>> = (conco) -

To show that the kernel perceptron can learn MI data, it remains to be
shown that the above bound is not exponential. Most interesting is thereby
the dependence on the number of instances per bag.

Theorem 4.2. The number of mistakes made by the kernel perceptron with
the MI kernel as defined in (4.2) can be bounded by a quasi-polynomial in
the size m of the bags and in the parameters Ry, €, ||cy|| of the underlying
concept.

Proof. Let all variables and functions be defined as in the proof of Lemma

1. Let p=— — 4+ 1. Let e such that ky(X, = ,
4.1. L lnl(nlme) 1. Let & b h that ky(X, X/ (X)), (X’

and let ¢ be such that

Y (d(@) )P = ((X),ca) -

zeX
Let Ry be such that ki(z,z) < R} and let (X1,Y1),...(X,,Y,); Xi C
X;Y; € {—1,41} be a sequence of labelled bags.
If vpr(X) = +1 then

JO0) = Y ($la),es)? 2 1P = 1.

reX
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If VMI(X) = —1 then
FX) = (d@),ce)? <> (1—ef <m(l—ef =1—¢.
reX zeX

To ap-
ply Novikoff’s theorem, we consider Y; ((®(X;),—1), (co,émr + 1)) > &
with &y = §. Now, we need to find ||(ce, {nr + 1)||> and Ry such that for
all X; it holds that [|(®(X;), —1)||*> < R3.

From positive definiteness of ki it follows directly that kr(z,z) +
2k1(z, ') + ki(2',2') > 0 and thus 2|ki(z,2')| < ki(z, z) + ki(2',2') < 2R}
Then we obtain R3; = m*R;* 41 as

I(@(X),—DI? =1+ kwi(X, X) =1+ Y K(z,2/) <1+m’R" .

z,x’'eX
By construction of cg we know that ||ce|| = ||cs||P. Then
I(ca, &t + D1 = lleal* + (1 + &vr)? -
It follows that:
Rull(ca énr + DI? _ (m?Ry” + 1) (Afles|*” + (2 +€)%)

& e
Then as p = —1n1(“17_”€) + 1 and setting
21n |ey ] 2In Ry
=2l ondg = ————"1
(- T T —e)

the number of errors made by the MI kernel perceptron is bound by:

4R? ||cy||*mPms+a n (2 + €)2m?m4 N 4lcy||Pm? N (2+¢)?
€2 €2 €2 €2 '

(4.3)
O

Note that sometimes, for kyp to be positive definite, it is necessary that
p € N. In this case we use [p] instead of p. The proof is then different from
the above one only in some constants.
To simplify the bound given in equation (4.3), we proceed as follows:
Using € < 1 we obtain
4R? |leo|Pm?m T 9m2ma  4jcy|Pm® 9
3 + + - -

€ €2 €2 €

Furthermore assuming that ||c4|[, Rt > 1 and thus s,¢q > 0; m®,m? > 1 we

obtain the bound
0 (R% C¢||2m2m5“'> .

€2
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4.3.4 Alternative MI Kernels

We will now investigate another soft-maximal set kernel (Section 3.3.2) with
respect to these two criteria — separation and convergence. In particular,
we now consider the kernel

k(X X') = > explyki(e, )] . (4.4)
zeX,x'eX’

Actually, this kernel is a special case of (4.2) (replace ki(-,-) there by
exp [k1(-,-)]). However, separation and convergence with this kernel is not
a special case of the above theorem. We will assume that the underlying
problem is separable with ki(-,) and not necessarily with exp [k (-, -)].

Similar to Section 4.3.2 we can now show that this kernel separates MI
problems.

Lemma 4.3. Let m be a bound on the cardinality of the bags X. Assume
the underlying problem can be separated with ki(x,z") = (¢(x), d(z")) such
that for some cg it holds for all x that vi(z) (¢(x),cy) > € > 0. Then the
corresponding MI concept vy is separable with the kernel kyy, as defined

n (4.4), for~y > 1“2;"
Proof. Let the function f be defined as:

FX) =" exply(¢*(@),co)] -

rzeX

If vy (X) = +1 then

F(X) > exp e > exp [“;m] — .

If VMI(X) = —1 then

lnm} -

f(X) <mexp[—ve] < mexp {—
2 O
Next we investigate the convergence of the kernel perceptron with the

alternative MI kernel.

Theorem 4.3. The number of mistakes made by the kernel perceptron with
the MI kernel as defined in (4.4) can be bounded by a function that is poly-
nomial in the size m of the bags but exponential in the parameters Ry, €, ||cy ||
of the underlying concept.
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Proof. Let all variables and functions be defined as in the proof of
Lemma 4.3. Let ® be such that kf;(X,X’) = (®(X), (X)) and cs
such that f(X) = (®(X),ce). Let Ry be such that kj(z,z) < R? and
let (X1,Y7),...(X,,Y,); X C X;Y; € {—1,4+1} be a sequence of labelled
bags. With v = 2™ we have:

€

If vy (X) = +1 then
f(X) = expye] = exp[lnm] =m .
If (X)) = —1 then
f(X) <mexp[—ye =mexp[-Inm]=1.

To apply Novikoff’s theorem, we consider

Y; <(<I>(Xi),—1) , (Ccp, m;_ 1>> > mT_l =& -

Next, we need to find [|(ce, Z52)||> and Ry such that [|(®(X;), —1)[? <
R} for all X;. Using again 2|ki(z,2)| < ki(z,x) + ki(2/,2") < 2R?, we
obtain R}y =1+ m?exp [yR}] as

1(2(X), =D =1+ kanr (X, X)

=1+ Z exp [vki(z, z")]
z,x'eX

<1+m?exp [yR}] .

By construction of cg we know that [|ce||? = exp [ [|co[|*]. Thus

m+1
C
D, )
m+1

Ry lew. =2 (L mPexp [1RE]) (exp [y lleol?) + (752)°)
i () .

2 m+1

2
— e o eol?] + (5 )

Then

Note that in the above proof we have quietly assumed m > 1. Otherwise,
the margin would become zero and the bound infinite. This is due to our
choice of 7.

We can simplify the above bound to

i

O (m*exp [YR} +7lcy|?]) = O (QOe . > .




Basic Term Kernels 113

4.3.5 Learning MI Ray Concepts

Having shown in the previous section that MI problems can be separated
with our MI kernel, we will now describe a simple approach that can be used
to apply support vector machines as well as other propositional learning
algorithms to MI problems. The motivation is based on some observations
in the drug activity prediction domain. The advantage of this approach is
the efficiency — in real world drug activity prediction problems bags can be
huge which renders the computation of &y too expensive. In the empirical
evaluation of this method (see Section 4.5.2) we will show that — in spite of
the simplicity of this approach — an SVM using this kernel can outperform
several other MI learning algorithms.

Statistics If we can make further assumptions on the properties of X,
such as being generated by a normal distribution, by a mixture thereof,
or other properties that can be summarised in a compact fashion then
computing statistics on X, X’ € X can be useful in defining kernels on sets.

Definition 4.6. Denote by s : X +— s(X) a map computing statistics on
X C X. Then we call

kstat(Xa X/) = k(S(X),S(X/)) (45)
the statistic kernel.

Here s(X) is a collection of properties of the set, say the mean, median,
maximum, minimum, etc. Typically, s(X) will be a vector of real numbers.
A similar approach has been used in the context of inductive logic program-
ming [Krogel and Wrobel (2001)], where relational aggregations are used
to compute statistics over a database.

As described above, it is not uncommon in drug activity prediction to
represent a molecule by a bag of descriptions of its different conformations
where each conformation is in turn described by a feature vector. It is
often believed that the concept space of drug activity prediction can be
described by putting upper and lower bounds on the components of these
feature vectors. Consider MI rays, i.e., concepts on sets of reals such that

rvi—e(X) & dJzeX:x>0.

These concepts are the complement (negation) of upper bounds. Motivated
by the observation that r\_g can be learnt using only the maximal element
of the set, we find the following statistics kernel particularly interesting for
drug activity prediction:
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Example 4.6 (Minimax Kernel). Define s to be the wvector of the
coordinate-wise mazrima and minima of X, i.e.,

$(X) = (minzy,...,minx,,, maxzy, ..., max T,y,) .
zeX rzeX zeX reX

In our experiments we used a polynomial modifier with s(X), that is,
k(X, X') = ((s(X), s(X")) + 1)P.

4.4 Related Work

In this section we briefly describe some work related to the results presented
in this section. We begin with work on kernels for general data structures
and proceed with work on multi-instance learning.

4.4.1 Kernels for General Data Structures

Using kernel methods for learning in propositional logic has been investi-
gated by a number of researchers [Sadohara (2001); Kowalczyk et al. (2002);
Khardon et al. (2002)]. Propositional and attribute-value logic, however,
do not offer the flexibility in modelling that higher-order logic does.

Similarly, the kernels reviewed in Section 3.4 are also not as general
as the kernels presented in this chapter, rather are they on particular data
structures like strings and trees. Although our default kernel for basic terms
also offers special case kernels for strings and trees, the general framework
we propose is more flexible as it allows the user to incorporate also other
kernel functions. The choice of the kernel function for a particular part of
an object always depends on the knowledge about that part.

Kernel methods have been applied in inductive logic programming [Kro-
gel and Wrobel (2001)] by exploiting the link structure in databases and
using relational aggregations to compute statistics about the instance in
the database. Approaches that transform instances represented by rela-
tional structures into a propositional or attribute-value representation are
known as propositionalisation approaches. For an overview see Kramer
et al. (2001b), Knobbe et al. (2002), and Perlich and Provost (2006). Like
other learning algorithms, support vector machines can be applied to such
propositionalised data. Most propositionalisation approaches share with
the basic term kernel the problems of dealing with identifiers and links.
Most propositionalisation approaches still try to exploit the link structure
and overcome the convergence and computational problems by exploiting
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the links only until a given maximal depth is reached. Obviously, a similar
technique could be used in our kernel function as this essentially means
that a structure with links is viewed as a structure without links. We do
deliberately not use this approach, rather will we consider truly exploiting
link structure in Chapter 4.6 where we describe kernels for directed and
undirected graphs. In Section 4.5 where we describe different applications
of basic term kernels, we will compare them on one domain to the mini-
max kernel (Section 4.3.5) which is a kind of propositionalisation approach.
We will there show that this approach works well on domains with a sim-
ple relational structure but fails to work well on more complex structures,
where the basic term kernels show superior performance. Other applica-
tions that we consider in Section 4.5 have a structure that is very difficult
to be exploited by propositionalisation approaches and we do not know of
any approaches to propositionalise these.

Mavroeidis and Flach (2003) proposed a kernel function on terms in a
first order logic and suggested an extension to also handle sets and multisets.
The kernel function can, however, not be applied to arbitrary abstractions
like the ones considered in this chapter. Other kernel function for relational
data have been proposed in [Cumby and Roth (2003); Landwehr et al.
(2006); Passerini et al. (2006); Wachman and Khardon (2007)]. For other
learning algorithms on basic terms see [Ng (2005); Ng and Lloyd (2008)].

4.4.2 Multi-Instance Learning

Apart from approaches that ignore the MI setting during training, two
major categories of approaches can be distinguished: upgrading existing
attribute-value learning algorithms, and designing a new learning algo-
rithm specifically for MI problems. Algorithms that have specifically been
designed for MI problems are: the axis-parallel rectangles (APR) algo-
rithm and variants [Dietterich et al. (1997)], an algorithm based on simple
statistics of the bags [Auer (1997)], and algorithms based on the diverse
density approach [Maron and Lozano-Pérez (1998); Zhang and Goldman
(2002)]. Algorithms that have been upgraded until now are: the lazy learn-
ing algorithms Bayesian-kNN and Citation-kNN [Wang and Zucker (2000)],
the neural network MI-NN [Ramon and De Raedt (2000)], the decision
tree learner RELIC [Ruffo (2001)], and the rule learner (Naive)RipperMI
[Chevaleyre and Zucker (2001)]. Inductive logic programming algorithms
have also been used, for instance, the first-order decision tree learner TILDE
[Blockeel and De Raedt (1998)].
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Novel kernels for multi-instance problems are proposed in [Blaschko and
Hofmann (2006); Tao et al. (2007); Kwok and Cheung (2007)]. Andrews
et al. (2003) describes, how the quadratic program underlying support vec-
tor machines can be reformulated to be applicable to MI problems. The two
alternative algorithms presented in [Andrews et al. (2003)] can, however,
only be formulated by mixed-integer programs. For that, heuristic solutions
have to be used to make the algorithm feasible. A different adaption of sup-
port vector machines to multi-instance problems is proposed by Bunescu
and Mooney (2007) which focusses on exploiting the sparsity of positive
bags. These approaches are not only applied to classification of chemical
compounds but also to image (region) classification. These algorithm and
the algorithm presented in [Ramon and De Raedt (2000)] share with our
approach that they are all based on well known learning algorithms for the
standard classification setting.

Theoretical results on MI learning can be found, for example, in [Blum
and Kalai (1998)] and [Auer et al. (1997)]. Both papers present PAC type
sample complexity bounds. An empirical evaluation of the latter algorithm
can be found in [Auer (1997)]. One disadvantage of these bounds is that
the sample complexity there depends at least quadratically on the dimen-
sionality of the instances. Furthermore, the learning algorithms considered
in these papers are special purpose algorithms that are not based on well
known learning algorithms for the standard classification setting.

4.5 Applications and Experiments

In this section, we empirically investigate the appropriateness of our kernel
definitions on a variety of domains. The implementation and application
of most algorithms mentioned below has been simplified by using the Weka
data mining toolkit [Witten and Frank (2000)]. In the tables presented in
this section we will use the acronym ‘KeS’ (kernel for structured data) to
refer to a support vector machine using our kernel for basic terms, and the
acronym ‘DeS’ (distance for structured data) to refer to a nearest neighbour
algorithm using our distance for basic terms.

4.5.1 East/West Challenge

We performed some experiments with the East/West challenge dataset in-
troduced earlier in Section 4.2.3. We used the default kernels for all types,
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i.e., the product kernel for all numbers, the matching kernel for all other
atomic types, and no kernel modifiers. As this toy data set only contains
20 labelled instances, the aim of this experiment was not to achieve a high
predictive accuracy but to check whether this problem can actually be sep-
arated using our default kernel. We applied a support vector machine and a
3-nearest neighbour classifier to the full data set. In both experiments, we
achieved 100% training accuracy, verifying that the data is indeed separable
with the default kernels.

4.5.2 Drug Activity Prediction

Often drug activity prediction problems are used to assess MI learning
algorithms (Section 4.3). The musk domain, introduced by Dietterich et al.
(1997), involves predicting the strength of synthetic musk molecules. The
class labels have been found by human domain experts. Two overlapping
data sets are available. Muskl contains 47 molecules labelled as ‘Musk’
(if the molecule is known to smell musky) and 45 labelled as ‘Non-Musk’.
The 92 molecules are altogether described by 476 conformations. Musk2
contains 39 ‘Musk’ molecules and 63 ‘Non-Musk’ molecules, described by
6598 conformations altogether. 162 uniformly distributed rays have been
chosen to represent each conformation. Additionally, four further features
are used that describe the position of an oxygen atom in the conformation.

The formal specification of the structure of the musk data set along with
the kernel applied in [Gértner et al. (2002a)] is as follows:

type Molecule = Con -> Bool with modifier normalised

type Con = (Rays,Distance,0ffset) with modifier gaussian 107-5.
type Rays = (Real,Real,...,Real)

type Offset = (Real,Real,Real)

type Distance = Real

Several empirical results on these two data sets have been achieved and
reported the in literature. The results in Table 4.1 are in alphabetical
order. They have either been obtained by multiple tenfold cross-validation
runs (10CV) or by leave-one-out estimation (LOO). The best classification
results from each section are marked in boldface. The table is organised as
follows: The first section contains algorithms specifically designed for MI
learning. The second one contains algorithms that are designed as general
purpose learning algorithms, but have been adapted to learn MI problems.
The results reported in this table are of the algorithms mentioned in Section
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Table 4.1 Classification errors of other algorithms
(in %) on Muskl and Musk2.

ALGORITHM Muskl Musk2 EVAL.
EM-DD 15.2 15.1 10Cv
GFS KDE APR 8.7 19.6 10Cv
ITERATIVE APR 7.6 10.8 10Cv
MaxDD 12.0 16.0 10Cv
MULTINST 23.3 16.0 10Cv
BAYESIAN-KNN 9.8 17.6 LOO
CITATION-KNN 7.6 13.7 LOO
MI-NN 11.1 17.5 10Cv
MI-SVM 16.0 21.1 10Cv
MI-SVM 11.0 14.7 10Cv
NAIVERIPPERMI 12.0 23.0 ?

RELIC 16.3 12.7 10Cv
RiPPERMI 12.0 23.0 ?

TILDE 13.0 20.6 10Cv

Table 4.2 Classification errors of some learning algorithms
(in %) on Muskl and Musk?2 in very simple feature spaces.
ALGORITHM Musk1 MUusk?2
LOO 10-our LOO 10-outr
MINIMAX FEATURE SPACE

DECISION TREE 19.6 18.5 19.6 17.6
BoosTED DT 14.1 12.0 20.6 20.6
BoosTED NB 14.1 12.0 16.7 16.7
IGNORING THE MI SETTING WHILE TRAINING

DEcCISION TREE 28.3 43.1
BoosTtED DT 18.5 28.4
BoosTED NB 20.3 36.7
SVM 13.0 18.6

4.3.1. Where applicable we report those results that have been reported in
[Andrews et al. (2003)]. Table 4.2 contains algorithms that have been run
on the musk data using the minimax feature space described above, and by
ignoring the MI setting while learning but obeying it when testing. That
is, we viewed the training data as the union over all training instances and
labelled each element of a set with the label of the set. That way we can
learn a function that classifies the elements of the test instances. A test
instance is then labelled positive if one of its elements is classified positive
by the hypothesis function. For the SVM, an RBF kernel was used with
v =1075. Boosted NB (DT) refers to a boosted naive Bayes (decision tree)
classifier.

Table 4.3 contains results from using SVMs with a polynomial version
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Table 4.3 Classification errors for SVMs with the minimax
kernel and the MI kernel (in %) on Muskl and Musk2.

KERNEL Musk1 Musk2
LOO 10-out LOO 10-ouT

PoOLYNOMIAL MINIMAX KERNEL

p=>5 7.6 84+0.7 13.7 13.7+1.2

LOO 15.5 +2.2 175+ 2.1

LOO, NORMALISED 175+ 2.1 1854+ 1.9

MI KERNEL (kp(z,z") = exp(—||z — 2'[|?))

~=10"55 13.0 13.6+1.1 7.8 120+£1.0
LOO 15.0£1.9 19.0+2.2
LOO, NORMALISED 19.0 £ 2.7 14.5+24

of the minimax kernel and using MI kernels. Due to the extremely small
sample size (MUSK1 contains only 96 bags and Musk2 only 104) which
is furthermore not divisible by 10, 10-fold cross-validation is a very noisy
and unreliable process. To address this problem, we opted to compute an
error estimate by averaging over 1000 trials of randomly leaving out 10
instances. The advantage of this approach is that in addition to the error
estimates we also obtain confidence intervals, which allows us to compare
our results with the ones obtained in the literature. Finally, for the sake of
comparability, also the leave-one-out error was computed.

We chose a Gaussian modifier for the elements of the bag, using the rule
of thumb that o2 should be in the order of magnitude of 2d? ~ 10° or lower,
where d is the dimensionality of the data'. This led to an almost optimal
choice of parameters (the optimum lay within an order of magnitude of the
initial estimate). As for preprocessing, the data was rescaled to zero mean
and unit variance on a per coordinate basis. In the ray-kernel case, we
simply used a polynomial kernel on s(X). In order to avoid adjusting too
many parameters, we chose the v-parameterised support vector machines
(Section 2.4.2), with v set to 0.075. The latter corresponds to an error level
comparable to the ones in the published literature.

To assess the true performance of the estimation procedure, one must
not, however, fix a set of parameters and only then use a cross-validation
step to assess the error for the now fized set of parameters. We therefore
adjusted the parameters, such as kernel width and the value of v and ~ for
each leave-10-out sample separately and computed the CV error for this
procedure. 20 random leave-10-out samples were drawn. The corresponding
results are reported in Table 4.3, denoted by LOO and LOO norm (the

INote that the parameter p of MI kernels is chosen implicitly when choosing v; as for
Gaussian RBF kernels, kf is a Gaussian RBF kernel itself.
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latter refers to kernels with normalisation in feature space). It is rather
obvious that the method degrades dramatically due to the small sample size
effects (only 100 observations). Also, the choice of suitable normalisation in
feature space yields only diminishing returns, given the high variance of the
model selection procedure. It is well known [Cherkassky and Mulier (1998)]
that the choice of model selection rules has a significant influence on the
performance of the overall estimator, quite often more than the choice of
the estimator itself.

The fact that polynomial minimax kernels outperformed the MI kernel
(Gaussian RBF) on Musk1 can be explained by the fact that Musk1 contains
much fewer conformations per bag than Musk2, hence the min and max
statistic s(X) is a quite adequate description of each bag. A small bag size
is a major shortcoming also of other (synthetically generated) datasets,
making them very unrealistic — as to our understanding real-world drug
activity prediction problems usually involve big bags.

It has been mentioned in the literature that multi-instance problems
capture most of the complexity of relational learning problems [Raedt
(1998)]. This experiment demonstrates that our general approach is com-
petitive with special-purpose algorithms applied to structured data. Fur-
thermore, our kernel-based approach has the additional advantage that
learning problems other than simple classification can also be tackled by
simply changing to a different kernel method.

4.5.3 Structure Elucidation from Spectroscopic Analyses

The problem of diterpene structure elucidation from '*C nuclear magnetic
resonance (NMR) spectra was introduced to the machine learning commu-
nity in [Dzeroski et al. (1998b)]. There, different algorithms were compared
on a dataset of 1503 diterpene '*C NMR spectra. Diterpenes are com-
pounds made up from 4 isoprene units and are thus terpenes — the general
term used for oligomers of isoprene. Terpenes are the major component of
essential oils found in many plants. Often these oils are biologically active
or exhibit some medical properties most of which are due to the presence
of terpenes.

NMR spectroscopy is one of the most important techniques in analytical
chemistry. It is used as a tool in the search for new pharmaceutical products
to help in determining the structure-activity relationships of biologically
active compounds. Once these have been determined, it is clear which
variations of the compound do not lose the biological activity. In NMR
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Table 4.4 Classification accuracy (in %) on diter-
pene data
Foi Ic. Tmpe RiBL KEgES DES
46.5 65.3 81.6 86.5 94.7 97.1

experiments the sample is placed in an external magnetic field and the
nuclei are excited by a pulse over a range of radio frequencies. The signal
emitted by the nuclei as they return to equilibrium with their surrounding
is analysed to obtain an NMR spectrum of radio frequencies.

In the dataset considered in [Dzeroski et al. (1998b)], each spectrum
is described by the frequency and multiplicity of all peaks. Depending on
the number of protons connected to the carbon atom, the multiplicity of a
peak is either a singlet (no proton), a doublet (one proton), a triplet (two
protons), or a quartet (three protons). The formal specification of the data
and the kernel is as follows:

type Spectrum = Frequency -> Multiplicity
type Frequency = Real with modifier gaussian 0.6
data Multiplicity = s | d | t | q | O with default O

In addition to the multiplicities s(ingulet), d(oublet), t(riplet), and
q(uartet) we introduced also the multiplicity 0 and declared it as the default
data constructor of the type Multiplicity. The abstraction Spectrum
then maps every frequency (every real number) that is not emitted by the
molecule to 0 and every emitted frequency to the multiplicity of the corre-
sponding carbon atom.

The dataset consists of 1503 spectra of diterpenes, classified into 23
different classes according to their skeleton structure as follows (number of
examples per class in brackets): Trachyloban (9), Kauran (353), Beyeran
(72), Atisiran (33), Ericacan (2), Gibban (13), Pimaran (155), 6,7-seco-
Kauran (9), Erythoxilan (9), Spongian(10), Cassan (12), Labdan (448),
Clerodan (356), Portulan (5), 5,10-seco-Clerodan (4), 8,9-seco-Labdan (6),
and seven classes with only one example each.

The accuracies reported in literature range up to 86.5%, achieved by
RIBL [Emde and Wettschereck (1996)]. Other results were reported for
FOIL [Quinlan (1990)], TILDE [Blockeel and De Raedt (1998)], and ICL
[De Raedt and Van Laer (1995)]. See Table 4.4 for details. After including
some manually constructed features, 91.2% accuracy has been achieved by
the best system — a 1-nearest neighbour classifier using a first-order distance
(RIBL).
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Figure 4.1 Left: Projection of the diterpenes with structure type Labdan and Clerodan
onto their first two principal directions. Right: ROC curve for the binary classification
problem of separating Labdan and Clerodan diterpenes using a 1l-nearest neighbour
algorithm.

We applied a support vector machine (see column ‘KeS’) using the above
presented kernel function to the diterpene dataset without the manually
constructed features and achieved results between 94.74% and 95.48% ac-
curacy over a range of parameters (the parameter of the Gaussian modifier
was chosen such that % € {0.6,0.06,0.006} and the default C' = 1 com-
plexity parameter of the SVM was used). We also applied a 1l-nearest
neighbour algorithm (see column ‘DeS’) to this domain and achieved accu-
racies between 97.07% and 98.07% on the same set of parameters. For the
overview in Table 4.4 and for the following experiments, the parameter of
the Gaussian modifier was fixed to 0.6.

To further strengthen our results, we performed kernel PCA of the diter-
pene data and plotted a ROC curve. To allow for a useful illustration we
restricted the data to molecules with structure classes Labdan and Clero-
dan. Figure 4.1 (left) shows the projection of molecules of these two classes
onto the first two principal components (Section 2.4.5). It can be seen
that already the first two principal directions separate the classes Labdan
and Clerodan quite well. Figure 4.1 (right) shows the ROC curve (Section
2.2.3) obtained for a 1-nearest neighbour algorithm on Labdan and Clero-
dan diterpenes in a leave-one-out experiment. The area under this curve is
0.9998. This is very close to the optimal area under the ROC curve of 1.0.
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4.5.4 Spatial Clustering

The problem of clustering spatially close and thematically similar data
points occurs, for example, when given demographic data about households
in a city and trying to optimise facility locations given this demographic
data. The location planning algorithms can usually only deal with a fairly
small number of customers (less than 1000) and even for small cities the
number of households easily exceeds 10000. Therefore, several households
have to be aggregated so that as little information as possible is lost. Thus
the households that are aggregated have to be spatially close (so that little
geographic information is lost) and similar in their demographic description
(so that little demographic information is lost). The problem is to automat-
ically find such an aggregation using an unsupervised learning algorithm.

Due to the difficulty in obtaining suitable data, we investigated this
problem on a slightly smaller scale. The demographic data was already ag-
gregated for data protection and anonymity reasons such that information
is given not on a household level but on a (part of) street level. The data
set describes roughly 500 points in a small German city by its geographic
coordinates and 76 statistics, e.g., the number of people above or below cer-
tain age levels, the number of people above or below certain income levels,
and the number of males or females living in a small area around the data
point.

The simplest way to represent this data is a feature vector with 78 entries
(2 for the z,y coordinates and 76 for the statistics). Drawing the results
of a simple k-means algorithm on this representation clearly shows that
although the spatial coordinates are taken into account, spatially compact
clusters cannot be achieved. This is due to the fact that the semantics of
the coordinates and the demographic statistics are different.

A better representation along with the kernel specification is as follows.

type Neighbourhood = Coords -> Statistics
type Coords=(Real,Real) with modifier gaussian 0.1
type Statistics = (Real,Real,...,Real) with modifier normalised

Here, the type Coords is used for the geographical coordinates and the
type Statistics is used for the statistics of a neighbourhood of house-
holds. A neighbourhood is represented by an abstraction of type Coords
-> Statistics that maps the coordinates of that neighbourhood to its
statistics and the coordinates of all other neighbourhoods to the default
term (0,0, ...,0). Thus each abstraction is a lookup table with a single
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Figure 4.2 Plots of households spatially clustered with different parameters (left: 0.1,
right: 0.02). Spatial compactness increases as the parameter is decreased.

entry corresponding to the neighbourhood represented by the abstraction.
These abstractions capture the functional dependency that the coordinates
determine the statistics of the neighbourhoods. It also means that the ker-
nel on neighbourhoods multiplies the kernel on the coordinates with the
kernel on the statistics. (See Part 2 of Definition 4.3.)

It is worth noting that this use of abstractions is a convenient method
for getting background knowledge into a kernel. Generally, each abstraction
has a single entry consisting of an individual as the item and the features
of that individual as the value of that item. The features, represented as
a feature vector of booleans, for example, would be constructed from the
background knowledge for the application. In the application of this section,
the individuals are the coordinates of neighbourhoods and the features are
their statistics.

Using this representation and applying a version of the k-means al-
gorithm (Section 2.4.6) with the given kernel shows that the clusters are
spatially compact (compactness depending on the choice of the kernel pa-
rameter). Two sample illustrations can be found in Figure 4.2. Instances
belonging to the same cluster are represented by the same symbol.
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4.6 Summary

Representation is a key issue in bringing together kernel methods and learn-
ing from structured data. In this chapter we defined a kernel for structured
data, proved that it is positive definite, and showed that it works well in
practise. Our kernel definition follows a ‘syntax-driven’ approach making
use of a knowledge representation formalism that is able to accurately and
naturally model the underlying semantics of structured data. It is based
on the principles of using a typed syntax and representing individuals as
(closed) terms. The typed syntax is important for pruning search spaces and
for modelling as closely as possible the semantics of the data in a human-
and machine-readable form. The individuals-as-terms representation is a
simple and natural generalisation of the attribute-value representation and
collects all information about an individual in a single term. In spite of this
simplicity, the knowledge representation formalism is still powerful enough
to accurately model highly structured data.

The definition of our kernel, along with the example applications pre-
sented, show that structured data can reasonably be embedded in inner
product spaces. The main theoretical contribution of this section is the
proof that the kernel is positive definite on all basic terms (of the same
type), and that the kernel perceptron converges to a consistent hypothesis
function on multi-instance problems.

Empirical results have been provided on some real-world domains. For
instance, on the diterpene dataset a support vector machine and a 1-nearest
neighbour classifier using a kernel function from the framework presented
in this paper improved over the best accuracy published in literature by
more than 8% and 10%, respectively. This corresponds to making less than
a third of the errors of the best algorithm applied to this problem so far.
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Chapter 5

Graph Kernels

A perturbation in the reality field in which a spontaneous self-monitoring
negentropic vortex is formed, tending progressively to subsume and in-
corporate its environment into arrangements of information.

(Philip K. Dick, VALIS)

In the previous chapter we showed how kernel functions can be defined
for instances that have a natural representation as terms in a higher order
logic. Although this representation is very general and can even be used
to represent graphs, in this case one needs to introduce identifiers (see the
end of Section 4.1). These identifiers are hard to take care of in a general
framework as they might introduce recursion, giving rise to convergence and
computational complexity issues. In contrast, ignoring these identifiers —
as done in the previous chapter — leads to a loss of information. Though
basic term kernels can take into account the information in the vertices and
edges of a graph, they can not take into account the structure of graphs.

One line of research on kernels for graphs has concentrated on special
types of graphs, for example strings and trees (see Sections 3.4.3 and 3.4.4).
In this chapter we present work on data represented by general graphs. We
will answer two important questions: is it possible to define graph kernels
that distinguish between all (non-isomorphic) graphs and, if not, how can
efficient graph kernels be defined that capture most of the structure of the
graphs. Firstly, we prove that for any kernel function that is capable of
fully recognising the structure of graphs, it is unlikely that there exists an
efficient way to compute it. Secondly, we present a family of graph kernels
based on walks which can be computed in polynomial time. Thirdly, we
introduce a kernel function based on cycles in a graph that can not be
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computed in polynomial time in general; that proofs, however, empirically
very effective for classifying a large dataset of molecules. Last but not least,
we show that real-world problems can be solved with these graph kernels
and that for real-world datasets there exist more efficient graph kernels
exploiting special properties of these domains.

The outline of this chapter is as follows: Section 5.1 first gives an intu-
itive overview over the important results of this chapter. Section 5.2 gives
then a brief overview of graph theoretic concepts. Section 5.3 defines what
might be the ideal graph kernel but also shows that such kernels cannot be
computed in polynomial time. Section 5.4 introduces graph kernels based
on common walks in the graphs and Section 5.5 introduces cyclic pattern
kernels on graphs. Section 5.6 briefly surveys related work. Section 5.7
describes an application of these graph kernels in a relational reinforce-
ment learning setting and Section 5.8 describes an application to molecule
classification. Finally, Section 5.9 concludes with future work.

5.1 Motivation and Approach

Consider a graph kernel in the spirit of intersection and decomposition
kernels (Section 3.3.1) — similar to kernels on special graphs (Sections
3.4.3 and 3.4.4) — that decomposes a graph into the set of its subgraphs.
Alternatively, one could consider the map ® that has one feature ®5 for
each possible graph H, each feature ® i (G) measuring how many subgraphs
of G have the same structure as graph H (that is, are isomorphic to H).

Using the inner product in this feature space, graphs satisfying certain
properties can be identified. In particular, one could decide whether a graph
has a Hamiltonian path, i.e., a sequence of adjacent vertices and edges that
contains every vertex and edge exactly once. Now this problem is known to
be NP-complete; therefore we strongly believe that such kernels can not be
computed in polynomial time. We thus consider alternative graph kernels.

In Section 5.4 we investigate an alternative approach based on measur-
ing the number of walks with common label sequence. Although the set of
common walks can be infinite, the inner product in this feature space can
be computed in polynomial time by first building the product graph and
then computing the limit of a matrix power series of the adjacency matrix.
An alternative walk-based kernel function exploits only the length of all
walks between all pairs of vertices with given label.

To illustrate these kernels, consider a simple graph with four vertices
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Figure 5.1 A directed graph with four vertices. We show the vertex identifiers (unique
within each graph) in brackets and the vertex labels after the colon.

1,2,3,4 labelled ‘c’, ‘a’, ‘r’, and ‘t’, respectively. We also have four edges
in this graph: one from the vertex labelled ‘c’ to the vertex labelled ‘a’,
one from ‘a’ to ‘r’, one from ‘r’ to ‘t’, and one from ‘a’ to ‘t’. Figure 5.1
illustrates this graph. The non-zero features in the label pair feature space
are ¢c,c = ¢a,a = ¢r,r = ¢t,t = )\07 (bc,a = ¢a,7‘ = (br,t = Ah ¢a,t =M+ A27
Ge.r = A2, and ¢+ = A2 + A3. The non-zero features in the label sequence
feature space are ¢c = ¢a = ¢7' = (Z)t = \/E, (Z)ca = (Z)ar = ¢<Lt = ¢T't = mv
Gear = Peat = VA2, and ¢ear = v/A3. The ); are user defined weights and
the square-roots appear only to make the computation of the kernel more
elegant. In particular, we show how closed forms of the inner products in
this feature space can be computed for exponential and geometric choices
of )‘z

The above kernels can be applied to directed as well as undirected
graphs. For undirected graphs we derive a polynomial time algorithm to
compute these graph kernels. In Section 5.5 we consider the class of undi-
rected graphs which contain few cycles. For this class of graphs we propose
a kernel function with time complexity polynomial in the number of vertices
and cycles in the graph. For a real-world dataset of molecules, this kernel
function can be computed much faster than the walk-based graph kernels
described above.

The key idea of cyclic pattern kernels is to decompose every undirected
graph into the set of cyclic and tree patterns in the graph. A cyclic pattern
is a unique representation of the label sequence corresponding to a simple
cycle in the graph. A tree pattern in the graph is a unique representation
of the label sequence corresponding to a tree in the forest made up by the
edges of the graph that do not belong to any cycle. The cyclic-pattern
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Figure 5.2 An undirected graph with a cyclic and a tree pattern. We show the vertex
identifiers (unique within each graph) in brackets and the vertex labels after the colon.

kernel between two graphs is defined by the cardinality of the intersection
of the pattern sets associated with each graph.

Consider a graph with vertices 1,...,6 and labels (in the order of ver-
tices) ‘c’, ‘a’, ‘r’, ‘t’, ‘¢’, and ‘s’. Let the edges be the set

{{1,2},{2,3},{3,4},{2,4}, {1, 5}, {1,6}}.

Figure 5.2 illustrates this graph. This graph has one simple cycle, and
the lexicographically smallest representation of the labels along this cycle
is the string ‘art’. The bridges of the graph are {1,2},{1,5},{1,6} and
the bridges form a forest consisting of a single tree. The lexicographically
smallest representation of the labels of this tree (in pre-order notation) is
the string ‘aces’.

5.2 Labelled Directed Graphs
This section gives a brief overview of labelled directed graphs. For a more

in-depth discussion of these and related concepts the reader is referred to
[Diestel (2000); Korte and Vygen (2002)].
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5.2.1 Basic Terminology and Notation

Generally, a graph G is described by a finite set of vertices V, a finite set of
edges £, and a function W. For hypergraphs this function maps each edge to
a set of vertices ¥ : £ — {X C V}. For undirected graphs the codomain of
the function is restricted to sets of vertices with two elements only ¥ : £ —
{X CV:|X|=2}. For directed graphs the function maps each edge to the
tuple consisting of its initial and terminal node ¥ : &€ — {(u,v) € ¥V x V}.
Edges e in a directed graph for which ¥(e) = (v,v) are called loops. Two
edges e, e’ are parallel if ¥(e) = U(e’). We will sometimes assume some
enumeration of the vertices in a graph, i.e., V = {v;}_; where n = |V|.

For labelled graphs there is additionally a set of labels ¥ along with a
function label assigning a label to each edge and/or vertex. In edge-labelled
graphs, labels are assigned to edges only; in vertez-labelled graphs, labels are
assigned to vertices only; and in fully-labelled graphs, labels are assigned to
edges and vertices. Note that there are trivial maps between the three kinds
of labelled graphs but concentrating on one or the other kind simplifies the
presentation in some of the following sections considerably. Graphs without
labels can be seen as a special case of labelled graphs where the same label
is assigned to each edge and/or vertex. For labelled graphs it is useful to
have some enumeration of all possible labels at hand, i.e., ¥ = {£,.},en.

The directed graphs we are mostly concerned with in this chapter are
labelled directed graphs without parallel edges. In this case we can — for
simplicity of notation — identify an edge with its image under the map W.
In Sections 5.5 and 5.8 we consider undirected graphs. In Section 5.7 we
consider directed graphs with parallel edges. In Section 5.3 we consider
directed graphs without labels. Everywhere else ‘graph’ will always refer
to labelled directed graphs without parallel edges and each graph will be
described by a pair G = (V, £) such that £ CV x V. Note that undirected
graphs can be seen as directed graphs where (v;,v;) € € < (vj,v;) € €.

To refer to the vertex and edge set of a specific graph we will use the
notation V(G),E(G). Wherever we distinguish two graphs by their sub-
script (G;) or some other symbol (G, G*) the same notation will be used
to distinguish their vertex and edge sets.

Last but not least we need to define some special graphs. A walk w in
a directed graph G = (V,€) is a sequence of vertices w = v1,va, ... Up41;
v; € V such that (v;,vi41) € €. The length of the walk is equal to the

IWhile ¢; will be used to always denote the same label, I1 is a variable that can take
different values, e.g., £1,%2,.... The same holds for vertex v; and variable v;.



132 Kernels for Structured Data

number of edges in this sequence, i.e., n in the above case. A path in a
directed graph is a walk in which v; # v; & @ # j. A cycle in a directed
graph is a path with (v,41,v1) € £. A path- (cycle-) graph is a graph for
which a sequence containing all vertices exists that forms a path (cycle)
and that does not contain any edges except the ones making up the path
(cycle).

A graph G = (V,€) is called connected if there is a walk between any
two vertices in the following graph: (V, £ U {(u,v) : (v,u) € £}). For a
graph G = (V(G), £(Q)), we denote by G[V*] the subgraph induced by the
set of vertices V* C V(G), that is G[V*] = (V*,{(u,v) € E(G) : u,v € V*}).
A subgraph of G is a graph H = (V(H),E(H)) with V(H) C V(G) and
E(H) C E(GIV(H)]). A subgraph H of G is proper if V(H) C V(G); it is
spanning if V(H) = V(G). If a path or a cycle is a subgraph of a graph G,
it is often called a walk or cycle in G. A spanning path in G is called a
Hamiltonian path; a spanning cycle in G is called a Hamiltonian cycle.

5.2.2 Matrixz Notation and some Functions

For the description of our graph kernels it turns out to be useful to have
a matrix representation for (labelled directed) graphs. For two matrices
A, B of the same dimensionality, the inner product is defined as (A, B) =
>4 1Al [Blij -

A graph G can uniquely be described by its label and adjacency ma-
trices. The label matrix L is defined by [L],; = 1< 4. = label(v;),
[L];i = 04, # label(v;). The adjacency matrix E is defined by
[Elij = 1& (v,v;) € &, [Elij = 0 (v,v;) € E. We also need to de-
fine some functions describing the neighbourhood of a vertex v in a graph
G: 67 (v) = {(v,u) € £} and §~(v) = {(u,v) € £}. Here, |6+ (v)] is called
the outdegree of a vertex and |6~ (v)| the indegree. Furthermore, the max-
imal indegree and outdegree are denoted by A~ (G) = maz{|6~ (v)|,v € V}
and A1 (G) = maz{|6T(v)|,v € V}, respectively. It is clear that the maxi-
mal indegree equals the maximal column sum of the adjacency matrix and
that the maximal outdegree equals the maximal row sum of the adjacency
matrix.

Interpretation of Matrix Powers First consider the diagonal matrix
LLT. The i-th element of the diagonal of this matrix, i.e. [LLT];, corre-
sponds to the number of times label ¢; is assigned to a vertex in the graph.
Now consider the matrix E. The component [E];; describes whether there
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is an edge between vertex v; and v;. Now we combine the label and ad-
jacency matrix as LELT. Each component [LELT]M corresponds to the
number of edges between vertices labelled ¢; and vertices labelled ¢;.

Replacing the adjacency matrix E by its n-th power (n € N,n > 0),
the interpretation is quite similar. Each component [E™];; of this matrix
gives the number of walks of length n from vertex v; to v;. Multiplying
this with the label matrix, we obtain the matrix LE™LT. Each component
[LE™LT];; now corresponds to the number of walks of length n between
vertices labelled ¢; and vertices labelled ¢;.

5.2.3 Product Graphs

Product graphs [Imrich and Klavzar (2000)] are a very interesting tool in
discrete mathematics. The four most important graph products are the
Cartesian, the strong, the direct, and the lexicographic product. While the
most fundamental one is the Cartesian graph product, in our context the
direct graph product is the most important one.

Usually, graph products are defined on unlabelled graphs. However, in
many real-world machine learning problems it could be important to be able
to deal with labelled graphs. We extend the definition of graph products
to labelled graphs, as follows.

Definition 5.1. We denote the direct product of two graphs G; = (V1,&1)
and Gy = (Va, &) by G1 X Ga. The vertex and edge set of the direct product
are respectively defined as:
V(G1 x Ga) = {(v1,v2) € V1 X Vo : (label(vy) = label(v2))}
E(G1 % Ga) = {((u1,uz), (v1,02)) € (V(G1 x G2))* :

(u1,v1) € &1 A (ug,v2) € E A (label(uy,v1) = label(uz,v2))} .

A vertex (edge) in the graph G; x G2 has the same label as the corre-
sponding vertices (edges) in G; and Ga.

Figure 5.3 illustrates two graphs along with their direct product.

5.2.4 Limits of Matrix Power Series

In Section 3.2.1 we already briefly discussed limits of matrix power series
of the form lim,, o Z?:o \iE*. For symmetric matrices (i.e., undirected
graphs), these limits can be computed by means of the limits of eigenvalues
of E.
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Figure 5.3 Two directed graphs and their direct product graph.

In this context it is important to note that for undirected graphs
AT(G) = A~ (G) is greater than the largest eigenvalue of the adjacency
matrix of G. We now review the relevant results from Section 3.2.1.

If the matrix E can be diagonalised such that £ = T-!'DT with a
diagonal matrix D and a regular matrix 7" then arbitrary powers of the
matrix F can easily be computed as E® = (T-'DT)" = T~!D"T and for
the diagonal matrix D arbitrary powers can be computed component-wise
([D™];; = (Dj;)™). These results carry over to the limit and

n n
. i =1 . e
nILH;OZAZE =T (nh_{roloZ)\lD ) T
i=0 i=0

with

n n

3| < i S in

=0 jj =0
if £ can be diagonalised as above. Such a decomposition is always possible
if F is symmetric (Section 2.1.7). Matrix diagonalisation is then a matrix
eigenvalue problem and such methods have roughly cubic time complexity.

Two important special cases are now considered.
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Exponential Series Similar to the exponential of a scalar value (e’ =
1+ b/1! +b2/2! + b3/3! + ...) the exponential of the square matrix E is
defined as

gp o (BE)
P = lim Y
1=0

where we use %(; =1land E°=1.
Once the matrix is diagonalised, computing the exponential matrix can
be done in linear time.

Geometric Series The geometric series ), ~* is known to converge if
and only if |y| < 1. In this case the limit is given by lim,, o > 17" = %

7'}/ M
Similarly, we define the geometric series of a matrix as

lim ~Y'E* .
n—oo ;

Feasible computation of the limit of a geometric series is possible by
inverting the matrix I — yFE. To see this, let (I — yE)x =0, thus yEz =z
and (vE)‘z = x. Now, note that (yE)" — 0 as i — oo. Therefore x = 0
and I — vE is regular. Then (I — yE)(I + vE + +y?E? +---) = I and
(I-vE)™' = (I+~yE+~?E?*+---) is obvious. Like matrix diagonalisation,
matrix inversion is roughly of cubic time complexity.

5.3 Complete Graph Kernels

In this section, all vertices and edges are assumed to have the same label.
If there is no polynomial time algorithm for this special case then there is
obviously no polynomial time algorithm for the general case.

When considering the set of all graphs G, many graphs in this set differ
only in the enumeration of vertices, and thus edges, and not in their struc-
ture: these graphs are isomorphic. Since usually in learning, the names
(identifiers) given to vertices in different graphs have no meaning, we want
kernels not to distinguish between isomorphic graphs. Formally, two graphs
G, H are isomorphic if there is a bijection ¢ : V(G) — V(H) such that for
all u,v € V(G) : (u,v) € E(G) e (Y(u),v(v)) € E(H). We denote that
G, H are isomorphic by G ~ H. Whenever we say that two graphs have
some or all subgraphs in common this will be with respect to isomorphism.

In the remainder of this chapter we define all kernels and maps on the
quotient set of the set of all graphs with respect to isomorphism, i.e., the set
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Figure 5.4 Two directed graphs without labels on the same set of vertices {1,...,6}
that are isomorphic. The numbers in brackets denote the vertices.

of equivalence classes. To keep the notation simple, we will continue to refer
to this set as G, and also refer to each equivalence class simply by one of its
representative graphs. Figure 5.4 shows a simple example of two directed,
unlabelled graphs on the same set of vertices, that are isomorphic. Figure
5.5 shows the same two graphs (drawn slightly differently) and illustrates
the isomorphism between them.

While it is easy to see that graph isomorphism is in NP it is — in spite
of a lot of research devoted to this question — still not known whether
graph isomorphism is in P or if it is NP-complete. It is believed that graph
isomorphism lies between P and NP-complete [Kébler et al. (1993)].

The first class of graph kernels we are going to consider is those kernels
that allow to distinguish between all (non-isomorphic) graphs in feature
space. If a kernel does not allow us to distinguish between two graphs then
there is no way any learning machine based on this kernel function can
separate these two graphs. Investigating the complexity of graph kernels
that distinguish between all graphs is thus an interesting problem.

The following definition is in line with the definition of complete kernels
for objects other than graphs given in Section 3.1.2, except that equality
of the objects is replaced by isomorphism of the graphs.

Definition 5.2. Let G denote the set of all graphs and let ® : G — H be a
map from this set into a Hilbert space H. Furthermore, let k: G x G — R
be such that (®(G), ®(G")) = k(G,G"). If (G) = ®(G’) implies G ~ G’
for all graphs G,G’, k is called a complete graph kernel.

As we define all kernels and maps on the quotient set of the set of all graphs
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Figure 5.5 The graphs from Figure 5.4 drawn slightly differently. The thin lines now
illustrate the isomorphism between both graphs

with respect to isomorphism ®(G) = ®(G’) <= G ~ G’ holds always and for
complete graph kernels ®(G) = ¢(G') & G ~ G'.

Proposition 5.1. Computing any complete graph kernel is at least as hard
as deciding whether two graphs are isomorphic.

Proof. Let all functions be as in Definition 5.2. We need to show that if
k() could be computed in polynomial time, we could decide in polynomial
time whether ®(G) = ®(G’) for all graphs G, G’. This can be seen as

k(G,G) —2k(G,G")+ k(G',G') = (P(G) — D(G'),®(G) — ®(G")) =0
if and only if ®(G) = ®(G"). O

It is well known that there are polynomial time algorithms to decide
isomorphism for several restricted graph classes [Kobler et al. (1993)], for
example, planar graphs. However, considering kernels on restricted graph
classes is beyond the scope of this book. The remaining question for us
is whether the above complexity result is tight, i.e., if there is a complete
graph kernel that is (exactly) as hard as deciding graph isomorphism. This
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is obvious considering the kernel k(G,G') = 1< G ~ G’ and k(G,G’) =
0 G#AG.

Let us revise the definition of strictly positive definite kernels with re-
spect to isomorphism:

Definition 5.3. Let G be the set of graphs. A symmetric function k :
G x G — R is a strictly positive definite graph kernel if, for all n € N,
T1,...,Tn € G, and ¢, ...,c, € R, it follows that
Z Ci Cy k(xi,mj) Z 0
i,5€{1,....,n}

and z; >~ z; & 1 = j implies that

Z C; Cj k(xi,xj) =0
i,j€{1,...,n}

onlyifc; =---=¢, =0.
Now the following corollary is interesting.

Corollary 5.1. Computing any strictly positive definite graph kernel is at
least as hard as deciding whether two graphs are isomorphic.

Proof. This follows directly from Proposition 5.1 and strictly positive
definite graph kernels being complete. |

We will now look at another interesting class of graph kernels. Intu-
itively, it is useful to base the similarity of two graphs on their common
subgraphs.

Definition 5.4. Let G denote the set of all graphs and let A be a sequence
A1, Az, ... of weights (A, € R; A, > 0 for all n € N). The subgraph feature
space is defined by the map ® : G — H into the Hilbert space H with one
feature @y for each connected graph H € G, such that for every graph
Geg

(I)H(G) = )\|5(H)| ‘{G/ is subgraph of G: G ~ H}| .

Clearly, the inner product in the above feature space is a complete graph
kernel and thus computing the inner product is at least as hard as solving
the graph isomorphism problem. However, we are able to show an even
stronger result.

Proposition 5.2. Unless P = NP, there is no general, polynomial time
algorithm for computing the inner product in the subgraph feature space.
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Proof. Let P, = ({0,1,...,n},{(i,i+1) : 0 < i < n}), ie., the path-
graph with n edges, and let ey be a vector in the subgraph feature space
such that the feature corresponding to graph H equals 1 and all other
features equal 0. Let G be any graph with m vertices. As {®(P,)}nen
is linearly independent, there are ai,...,q,, such that a1 ®(P;) + ... +
am®(Py,) = ep, . These a1,...,q,, can be found in polynomial time, as
in each image of a path P, under the map ® only n features are different
from 0. Then,

a1 (P(P1), P(G)) + ... 4+ am (2(Pn), (Q)) = (ep,,, 2(G)) >0

if and only if G has a Hamiltonian path. It is well known that the decision
problem whether a graph has a Hamiltonian path is NP-complete. O

Note that the same result holds if we restrict the codomain of @y to
{0,1}, that is we consider the set of subgraphs instead of the multiset. A
first approach to defining graph kernels for which there is a polynomial
time algorithm might be to restrict the feature space of ® to features @
where H is a member of a restricted class of graphs. However, even if H
is restricted to paths the above proof still applies. Closely related to the
Hamiltonian path problem is the problem of finding the longest path in a
graph. This problem is known to be NP-complete even on many restricted
graph classes [Skiena (1997)].

The results shown in this section indicate that it is intractable to com-
pute complete graph kernels and inner products in feature spaces made up
by graphs isomorphic to subgraphs. Our approach to define polynomial
time computable graph kernels is to have the feature space be made up by
graphs homomorphic to subgraphs. In the following section we will thus
concentrate on walks instead of paths in graphs.

5.4 Walk Kernels

Clearly, we do not want to distinguish between isomorphic graphs. Thus
our kernel function should be such that all isomorphic graphs are mapped
to the same point in feature space. This is the case if we describe a graph
by all subgraphs or by all walks in the graph.

Above we then showed that for kernel functions which are such that only
isomorphic graphs are mapped to the same point, it is unlikely we will find
a way to compute it in polynomial time. We furthermore showed a similar
result for kernels based on common subgraphs, for example common paths,
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Figure 5.6 Two non-isomorphic directed graphs that have all paths and walks in com-

mon.

Figure 5.7 Two non-isomorphic directed graphs that do not have all paths in common
but that have all walks in common.

in graphs. In this section we now propose kernels based on common walks
in graphs. Considering such kernels is only reasonable if they do not fall
in any of the above negative results. Figure 5.6 illustrates two graphs that
have the same paths and walks but are not isomorphic. Figure 5.7 then
motivates that there is still hope that kernels based on common walks in
graphs might be computed in polynomial time, as there are graphs with
the same walks that do not have the same paths.

5.4.1 Kernels Based on Label Pairs

In this section we consider vertex-labelled graphs only. In applications
where there is reason to suppose that only the distance between (all) pairs
of vertices of some label has an impact on the classification of the graph,
we suggest the following feature space.
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Definition 5.5. Let W, (G) denote the set of all possible walks with n
edges in G and let A be a sequence Ao, A1, ... of weights (A, € R;\,, > 0
for all n € N). For a given walk w € W, (G) let [1(w) denote the label of
the first vertex of the walk and ,+1(w) denote the label of the last vertex
of the walk.

The label pair feature space is defined by one feature ¢y, ¢, for each pair
of labels ¢;, ¢;:

Ge,0,(G) = D A Hw € Wi(G) : li(w) = i Al (w) = {5}
n=0

Let all functions and variables be defined as in Definition 5.5. The key
to an efficient computation of the kernel corresponding to the above feature
map is the following equation:

<¢<G>7¢<G’>>=<L (iw) A7 W2 LIT>

i=0 j=0

To compute this graph kernel, it is then necessary to compute the above
matrix power series. See Section 5.2.4 for more details.

Although the map ¢y, ¢; is injective if the function label is injective,
the dimensionality of the label pair feature space is low if the number of
different labels is small. In particular the dimensionality of the label pair
feature space equals the number of different labels squared (that is |%|?).
In domains in which only few labels occur, we might thus not be able to
discriminate enough graphs in the feature space. be a feature space of too
low dimension.

One obvious way to achieve a higher dimensional — and thus more
expressive — feature space is to use a more expressive label set including,
for example, some information about the neighbourhood of the vertices.
Still, this manual enrichment of the feature space might not be sufficient in
all cases. For that reason, in the next section we describe a kernel function
that operates in a more expressive feature space. The key idea of the kernel
is to have each dimension of the feature space correspond to one particular
label sequence. Thus even with very few — and even with a single — labels,
the feature space will already be of infinite dimension.
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5.4.2 Kernels Based on Contiguous Label Sequences

In this section we consider graphs with labels on vertices and/or edges.
In the presence of few labels, the kernel described in the previous section
suffers from too little expressivity. The kernel described in this section
overcomes this by defining one feature for every possible label sequence
and then counting how many walks in a graph match this label sequence.
In order not to have to distinguish all three cases of edge-labelled, vertex-
labelled, and fully-labelled graphs explicitly, we extend the domain of the
function label to include all vertices and edges. In edge-labelled graphs we
define label(v) = # for all vertices v and in vertex-labelled graphs we define
label(u,v) = # for all edges (u,v).

We begin by defining the feature space of contiguous (or unbroken) label
sequences.

Definition 5.6. Let S,, denote the set of all possible label sequences of
walks with n edges and let A be a sequence Ag, A1,... of weights (\; €
R;A; > 0 for all i € N). Furthermore, let W,,(G) denote the set of all
possible walks with n edges in graph G. For a given walk w € W, (G) let
l;(w) denote the i-th label of the walk.

The sequence feature space is defined by one feature for each possible
label sequence. In particular, for any given length n and label sequence
§ = 51,...,82m+1; S € Sp, the corresponding feature value for every graph
G is:

05(G) = VA [{w e WL (G), Vi s = Li(w)}] .

Before showing how to compute the inner product under this map we
first describe and interpret some properties of the product graph. The
following proposition relates the number of times a label sequence occurs
in the product graph to the number of times it occurs in each factor.

Proposition 5.3. Let all variables and functions be defined as in Defini-
tions 5.6 and 5.1. Furthermore, let G, G’ be two graphs. Then
Hw € W, (G x G'),Vi: s; = li(w)}]
={w € W, (G),Vi: s; =1li(w)}] - [{w € Wn(G"),Vi: s; = li(w)}]

Proof. It is sufficient to show a bijection between every walk in the prod-
uct graph and one walk in both graphs such that their label sequences
match.

Consider first a walk in the product graph w* € W, (G x G'):

*

w* = (v1,0]), (va,v5), ..., (vp,v),)
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with (v;,v}) € V(GXG'). Now let w = v1,va,...,v, and w’ = v, vh,. .., v).

Clearly w € Wy, (G), w' € W,,(G'), and
Vi Li(w*) = 1i(w) = L;(w')
The opposite holds as well: For every two walks w € W, (G), w' €

Wi (G') with matching label sequences, there is a walk w* € W, (G x G')
with a label sequence that matches the label sequences of w and w’'. |

Having introduced product graphs and having shown how these can be
interpreted, we are now able to define the direct product kernel.

Definition 5.7. Let G1,G2 be two graphs, let Ey denote the adjacency
matrix of their direct product G; x G, and let Vy« denote the vertex set
of the direct product Vy = V(G x G3). With a sequence of weights A =
Aoy A1y -. (A €R; A >0 for all 4 € N) the direct product kernel is defined
as

Vel T oo
ky (Gy,Gy) = Z [Z)\ E"
1,j=1 Ln=0 ij

if the limit exists.

Proposition 5.4. Let ¢ be as in Definition 5.6 and kx as in Definition
5.7. For any two graphs G, G, kx(G,G") = (¢(Q), (G"))

Proof. This follows directly from Proposition 5.3. ]

To compute this graph kernel, it is then necessary to compute the above
matrix power series. See Section 5.2.4 for more details on how this can be
accomplished.

5.4.3 Transition Graphs

In some cases graphs are employed to model discrete random processes
such as Markov chains [Gray (1987)]. In these cases a transition probability
is assigned to each edge. We only consider the case that the transition
probability does not change over time. Such graphs will be called transition
graphs. In transition graphs vertices are often called states. We denote
the probability of going from vertex u to v by p(, ). More precisely this
denotes the probability of the process being in state v at time ¢ + 1 given
that it was in state u at time ¢. Usually, transitions are without loss, i.e.,
VueV: Z vyee Puw) = = 1. In some cases, there is a probability psiop
that the process stops at any time.
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In order to deal with graphs modelling random processes, we replace
the adjacency matrix E of a graph by the transition matrix R with [R];; =
P(viw;) (1 = Pstop) if (vi,v5) € € and [R];; = 0 otherwise. Without loss
of generality we assume p(,, ,,) > 0 (vi,vj) € €. Before we can apply
the kernel introduced in the previous section to transition graphs we have
to redefine the functions A*(G),A™(G) (from Section 5.2.2) to be the
maximal row and column sum of the matrix R of a graph G, respectively.
Clearly AT(G),A™(G) < 1.

If we use the transition matrix R instead of the adjacency matrix, we get
to a similar interpretation. [R"];; determines then the probability of getting
from vertex v; to vertex v; in n steps. The interpretation of [LR"LT];; is a
bit more complicated. If we divide by the number of times label ¢; occurs,
however, an interpretation becomes easy again: [LR"L'];;/[LL"];; is the
probability that having started at any vertex labelled ¢; and taking n steps,
we arrive at any vertex labelled £;. The division by [LLT];; can be justified
by assuming a uniform distribution for starting at a particular vertex with
label /;.

A graph with some transition matrix R and stopping probability pstop =
0 can be interpreted as a Markov chain. A vertex v with a transition
probability p(,,,y = 1 in a Markov chain is called absorbing. An absorbing
Markov chain is a Markov chain with a vertex v such that v is absorbing
and there is a walk from any vertex u to the absorbing vertex v. It is known
[Gray (1987)] that in absorbing Markov chains the limit of R for n — oo
is 0. If we define N =I+ R+ R?+ --- then [N];; is the expected number
of times the chain is in vertex v; given that it starts in vertex v;. N can be
computed as the inverse of the matrix I — R.

In the case of graphs with transition probabilities on the edges, the edges
in the product graph have probability p(u,,,v15) = P(ui,v1)P(us,we) Where
U1y = (Ul,UQ) € V(Gl X Gg) and v19 = (Ul,’l)g) € V(Gl X GQ) Let p1,po
denote the stopping probability in graphs G, G2 respectively. The stopping
probability pi2 in the product graph is then given by p1o =1—(1—p1)(1—
p2). A similar interpretation to Proposition 5.3 can be given for graphs with
transition probabilities by replacing the cardinality of the sets of walks with
the sum over the probabilities of the walks.

5.4.4 Non-Contiguous Label Sequences

The (implicit) representation of a graph by a set of walks through the
graph suggests a strong relation to string kernels (Section 3.4.3). There,
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the similarity of two strings is based on the number of common substrings.
In contrast to the direct product kernel suggested in Section 5.4.2, however,
the substrings need not be contiguous.

In this section we will describe a graph kernel such that the similarity
of two graphs is based on common non-contiguous label sequences. We will
consider only edge-labelled graphs in this section. A similar technique can
be used for fully-labelled graphs, however, its presentation becomes more
lengthy.

Before defining the desired feature space we need to introduce the wild-
card symbol ‘?” and the function match(l,l') < (@ =1)Vv (I =?) Vv (' =7).
In the following ‘label’ will refer to an element of the set ¥ U {?}.

Definition 5.8. Let S, ,,, denote the set of all possible label sequences of
length n containing m > 0 wildcards. Let A\ be a sequence Ag, A1,... of
weights (A, € R; A, > 0 for all n € N) and let 0 < o < 1 be a parameter
for penalising gaps. Furthermore, let W, (G) denote the set of all possible
walks with n edges in graph G and let W(G) = [J;_, Wi(G). For a given
walk w € W(G) let [;(w) denote the label of the i-th edge in this walk.

The sequence feature space is defined by one feature for each possible
label sequence. In particular, for any given n,m and label sequence s =
S1,...,8n € Sy.m, the corresponding feature value is

G) = vV o™ [{w € W(G), Vi : match(s;, l;(w))}]

We proceed directly with the definition of the non-contiguous sequence
kernel.

Definition 5.9. Let G, G2 be two graphs, let Gx = G X G2 be their
direct product, and let G, be their direct product when ignoring the labels
in G1 and Go. With a sequence of weights A = X\g, A\1,... (A € Ry A >0
for all 4 € N) and a factor 0 < o < 1 penalising gaps, the non-contiguous
sequence kernel is defined as

Vx|
ko(Gr,Ga) = Y ZA (1—a)Eyx + aE,)"
i,j=1 Ln=0 ij

if the limit exists.

This kernel is very similar to the direct product kernel. The only dif-
ference is that instead of the adjacency matrix of the direct product graph,
the matrix (1 —«a)Ex +«F, is used. The relationship can be seen by adding
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— parallel to each edge — a new edge labelled # with weight /& in both
factor graphs.

Note, that the above defined feature space contains features for ‘trivial
label sequences’, i.e., label sequences that consist only of wildcard symbols.
This can be corrected by using the kernel k. (G1,G2) =), A\pna™E}} instead.

5.5 Cyclic Pattern Kernels

The walk-based graph kernels that we described above can be computed
in polynomial time on graphs where the adjacency matrix is symmetric.
These are undirected graphs. Ome possible application area of learning
algorithms on undirected graphs is the classification of molecules as repre-
sented by their chemical structure graphs. In Section 5.8 we will consider
one such real-world application with more than 40000 molecules, includ-
ing molecules with more that 200 atoms (not counting hydrogens). It will
there turn out that the exact computation of walk-based kernels on this do-
main is not feasible. We will thus have to resort to alternative approaches.
Alternatives are approximation of walk-based kernels or exploiting special
properties of this domain. In this section we will propose a graph kernel
that can be computed efficiently only if the set of labelled undirected graphs
they are applied to contains few cycles. The kernel function we propose can
be computed in polynomial time in the number of vertices and simple cy-
cles of the graph. We will show in Section 5.8 that the molecules in this
domain indeed contain only few simple cycles. Cyclic pattern kernels can
be computed much faster on this domain than walk-based kernels.

The graphs we consider in this section are always labelled undirected
graphs, introduced in Section 5.5.1. Section 5.5.2 defines cyclic pattern
kernels and Section 5.5.3 shows how to compute these in time polynomial
in the number of simple cycles of the graphs.

5.5.1 Undirected Graphs

Recall that the edges £ of undirected graphs without parallel edges are
represented by a subset of the vertex set with cardinality two. A path in an
undirected graph is a sequence vy, ..., v, of distinct vertices v; € V where
{vi,vi11} € €. A simple cycle in an undirected graph is a path, where also
{v1,vn,} € €. A bridge is an edge not part of any simple cycle; the graph
made up by all bridges is a forest, i.e., a set of trees.
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Let G = (V,&,label) and G’ = (V' &', label’) be labelled undirected
graphs. G’ is a subgraph of G, if V' C VY, &' C EN2Y, and label' (x) = label(x)
for every x € V' UE’. A graph is connected if there is a path between any
pair of its vertices. A connected component of a graph G is a maximal
subgraph of G that is connected. Given a forest (a set of pairwise disjoint
trees), we call the connected components of the forest the (maximal) trees
of the forest. A vertex v of a graph G is an articulation (also called cut)
vertex, if its removal disconnects G (i.e., the subgraph obtained from G
by removing v and all edges containing v has more connected components
than G). A graph is biconnected if it contains no articulation vertex.

A biconnected component (or block) of a graph is a maximal subgraph
that is biconnected. It holds that biconnected components of a graph G are
pairwise edge disjoint and thus form a partition on the set of G’s edges. This
partition, in turn, corresponds to the following equivalence relation on the
set of edges: two edges are equivalent if and only if they belong to a common
simple cycle. This property of biconnected components implies that an
edge of a graph belongs to a simple cycle if and only if its biconnected
component contains more than one edge. Edges not belonging to simple
cycles are called bridges. The subgraph of a graph G formed by the bridges
of G is denoted by B(G). Clearly, B(G) is a forest.

5.5.2 Kernel Definition

We denote by S(G) the set of simple cycles of a graph G. Two simple cycles
C and C’ in G are considered to be the same if and only if C or its reverse
is a cyclic permutation of C’. We start by defining the set of cyclic patterns
induced by the set of simple cycles of a graph. Let G = (V, &, label) be a
graph and

C = {vg,v1},{v1,v2},..., {vg—1,v0}
be a sequence of edges that forms a simple cycle in G. The canonical repre-
sentation of C is the lexicographically smallest string 7(C') € £* among the
strings obtained by concatenating the labels along the vertices and edges
of the cyclic permutations of C and its reverse. More precisely, denoting
by p(s) the set of cyclic permutations of a sequence s and its reverse, we
define 7(C) by
m(C) = min{o(w) : w € p(vov1 ... vk—1)},

where for w = wowy ... wg_1,

o(w) = label(wp)label ({wg, w1 })label (wy) . . . label (wg—1)label ({wr—1,wo}).



148 Kernels for Structured Data

Clearly, 7 is unique up to isomorphism, and hence, it indeed provides a
canonical string representation of simple cycles. The set of cyclic patterns
of a graph G, denoted by C(G), is then defined by

C(G)={n(C): CeSG)} .

To assign a set of cyclic patterns to a graph G, above we have used
its set of simple cycles. To add more information to the kernel, we also
consider the graph obtained by removing the edges of all simple cycles.
As discussed before, the resulting graph is a forest consisting of the set of
bridges of the graph. To assign a set of tree patterns to GG, we associate
each (maximal) tree T in the forest formed by the set B(G) of bridges of
G with a pattern 7(T") € ¥* that is unique up to isomorphism [Asai et al.
(2003); Zaki (2002)], and define the set of tree patterns T (G) assigned to G
by

T(G) ={n(T): T is a connected component of B(G)} .

We are now ready to define cyclic pattern kernels for graphs. In the def-
inition below, we assume without loss of generality that C(G) N7 (G) =0
for every G in the database. Using the intersection kernel given in Equa-
tion (3.1) on the sets defined by

Pep(G) =C(G)UT(G) (5.1)
for every G we define cyclic pattern kernels by
kcp(Gi, Gj) = kn(Pcp(Gi), Pcp(Gy))
= [C(Gi) NC(Gy)| + [T (G:) N T(Gy) (5.2)
for every G, G in a graph database G.

5.5.3 Kernel Computation

Cyclic pattern kernels are essentially a special case of subgraph kernels
(Definition 5.4) that can not be computed in polynomial time. The proof
of Proposition 5.2 can, however, only be applied with some modifications.
Indeed, we can give a simpler proof for this special case:

Proposition 5.5. Unless P=NP, cyclic pattern kernels can not be com-
puted in time polynomial in the number of vertices in the graphs.

Proof. Let G and C,, be a graph and a simple cycle, respectively, such
that both G and C,, consist of n vertices that are all mapped to the
same label. Applying the cyclic pattern kernel to G and C,, it holds that
kcp(G,C,) =1 if and only if G has a Hamiltonian cycle. O
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Figure 5.8 An example of a graph with 2n + 2 vertices (n=4), two labels, and a number
of cyclic patterns exponential in n.

Furthermore, the set of simple cycles in a graph can not be computed
in polynomial time — even worse — the number of simple cycles in a graph
can be exponential in the number of vertices of the graph. For an example
just consider a complete graph. In fact, the number of simple cycles in a
graph can grow faster with n than 2", and remains exponential even for
many restricted graph classes in the worst case. For instance, Alt et al.
(1999) investigate simple cycles of planar graphs, and show that there are
planar graphs with lower bound 2.28™ on the number of simple cycles. For
us it is more interesting to determine the number of cyclic patterns in a
graph. Again, the complete graph with all vertices labelled differently is
an example of a graph where the number of cyclic patterns grows expo-
nentially with the number of vertices, however, if we restrict the alphabet
(the label set) to cardinality 1, the number of cyclic patterns is linear in
the number of vertices. To see that the number of cyclic patterns can even
grow exponentially if the alphabet is restricted to cardinality 2, consider a
graph with 2n + 2 vertices, consisting of two paths vg,...v, and uq,...u,
and additional edges {{v;,u;} : 0 < i <n} U {{vj,u;—2}:2 <i<n}. The
number of Hamiltonian cycles of this graph is 2". The vertex sequence of
each Hamiltonian cycle has 2(2n + 2) cyclic permutations. If we assign the
label ‘a’ to all vertices u; and the label ‘b’ to all vertices v;, the number of
cyclic patterns of this graph is still greater than 2" /(4n 4+ 4). Figure 5.8
illustrates this graph for n = 4.

The only remaining hope for a practically feasible algorithm is that the
number of simple cycles in each graph can be bound by a small polyno-
mial and that we can find an algorithm that is polynomial in the number
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of simple cycles. Indeed, Read and Tarjan (1975) have proposed an al-
gorithm with polynomial delay complexity, i.e., the number of steps that
the algorithm needs between finding one simple cycle and finding the next
simple cycle is polynomial. This algorithm can be used to enumerate all
cyclic patterns. However, this does not imply that the number of steps the
algorithm needs between two cyclic patterns is polynomial.

Proposition 5.6. Let G be a graph with n vertices, and N < |C(G)| be an
arbitrary non-negative integer. Unless P=NP, the problem of enumerating
N elements from C(G) can not be solved in time polynomial in n and N.

Proof. We show that the NP-complete Hamiltonian cycle problem is
polynomial-time reducible to the above enumeration problem. Let G be
an ordinary undirected graph (i.e., a graph without labels) with n vertices.
We assign a (labelled undirected) graph G’ to G such that G’ has the same
sets of vertices and edges as G, and each vertex and edge of G’ is labelled
by the same symbol, say 0. Since simple cycles of the same length in G’ are
mapped to the same pattern (i.e., simple cycles of length ¢ are associated
with the pattern 0%¢), |C(G’)| < n. Applying the enumeration algorithm
with N = n — 1, we obtain a set S containing at most n — 1 elements of
C(G"). Clearly, 02" is in S if and only if G has a Hamiltonian cycle. a

This shows that we can not enumerate the cyclic patterns of a graph
in polynomial time but it does not yet imply that cyclic pattern kernels
can not be computed in time polynomial in NV, however, this can be seen
directly from the above proof.

Corollary 5.2. Let G,G’ be two graphs with n,n’ wvertices, respectively.
Let N < |C(G)]| be an arbitrary non-negative integer. Unless P=NP, cyclic
pattern kernels can not be computed in time polynomial in n,n’, and N.

Proof. In the proof of Proposition 5.6 we showed that for graphs where
all vertices have equal label, the number of cyclic patterns is linear in the
number of vertices. The corollary follows then directly from Proposition
5.5. |

In order to overcome the negative complexity results above, we consider
a restriction that yields an effective practical problem class. In contrast to
the case of cyclic patterns, the set S(G) of simple cycles of a graph G can
be listed in polynomial output complexity by the algorithm of Read and
Tarjan (1975). Their depth-first search algorithm computes N < |S(G)|
simple cycles of a graph G in time O ((N + 1)n + m) where m is the number
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of edges. From their result it also follows that, for a given graph G and
M > 0, one can decide in time polynomial in n and M, whether or not the
number of simple cycles in G is bounded by M. Thus, we only consider
cyclic pattern kernels on sets of graphs where the number of simple cycles
is bounded by a small number for every graph. To sum up, cyclic pattern
kernels are applied as follows:

e Check whether the graph database is well-behaved, i.e., the number of
simple cycles of every graph is bound by a small (user-defined) constant.

e Partition the edges of each graph into bridges and non-bridges.

e Consider only the edges of each graph that are not bridges:

— Enumerate the simple cycles of each biconnected component.
— Convert each simple cycle into a cyclic pattern (unique up to iso-
morphism).

e Consider only the bridges of each graph:

— Enumerate the connected components of the forest formed by the
bridges.

— Convert each of these trees into a tree pattern (unique up to iso-
morphism).

e Given two graphs, compute the cyclic pattern kernel as the cardinality
of the intersection of the pattern sets of each graph.

In Section 5.8 we will compare walk and cycle based graph kernels in the
context of drug design and prediction of properties of molecules. It is illus-
trated there that indeed for the application considered, only few molecules
exist that have a large number of simple cycles. Before that, we describe
an application of walk based graph kernels in a relational reinforcement
learning setting.

5.6 Related Work

The obvious approach to define kernels on objects that have a natural
representation as a graph is to decompose each graph into a set of subgraphs
and measure the intersection of two decompositions. As we have seen, with
such a graph kernel, one could decide whether a graph has a Hamiltonian
path or not. As this problem is known to be NP-hard, it is strongly believed
that the obvious graph kernel can not be computed in polynomial time.
This holds even if the decomposition is restricted to paths only.
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In literature different approaches have been tried to overcome this prob-
lem. Graepel (2002) restricted the decomposition to paths up to a given
size, and Deshpande et al. (2002) only consider the set of connected graphs
that occur frequently as subgraphs in the graph database. The approach
taken there to compute the decomposition of each graph is an iterative one
[Kuramochi and Karypis (2001)]. The algorithm starts with a frequent set
of subgraphs with one or two edges only. Then, in each step, from the set
of frequent subgraphs of size [, a set of candidate graphs of size [ + 1 is
generated by joining those graphs of size [ that have a subgraph of size
I —1in common. Of the candidate graphs only those satisfying a frequency
threshold are retained for the next step. The iteration stops when the set
of frequent subgraphs of size [ is empty.

The walk-based graph kernels we introduced above, though computable
in polynomial time, still have a high computational complexity. Novel
graph kernels or modifications of known graph kernels have been proposed
to speed up their computation, increase their expressiveness, or to adapt
them to particular application domains.

A walk-based kernel function on transition graphs has independently
been proposed by Kashima et al. (2003). In the feature space considered
there, each feature corresponds to the probability with which a label se-
quence is generated by a random walk on the direct product graph. There,
transition graphs with a uniform distribution over all edges leaving the
same vertex are considered and convergence is guaranteed by assuming a
high halting probability. In Section 5.4.3 we showed how our graph kernels
can be extended to cover general transition graphs. The kernel proposed
by Kashima et al. (2003) is a special case of this extended kernel.

The first approach to increase the expressiveness is based on the idea
of using tree patterns instead of walks on the graphs [Ramon and Gértner
(2003)]. Tree patterns are similar to the image of a tree on a graph un-
der homomorphism. This approach has later been refined and applied to
discriminate toxic from non-toxic molecules [Mahe et al. (2006)]. Another
approach is to remove tottering walks and use the Morgan algorithm to
increase the number of different labels [Mahé et al. (2004)]. A graph kernel
based on comparing local neighbourhoods of atoms has been proposed by
Menchetti et al. (2005) and a graph kernel based on comparing the set of
shortest paths in two graphs has been proposed by Borgwardt and Kriegel
(2005). Cyclic pattern kernels have been revisited by Horvath (2005) who
shows that for graphs of bounded treewidth, cyclic pattern kernels can be
computed in time polynomial in the number of cyclic patterns, which in



Graph Kernels 153

turn can be exponentially smaller than that of simple cycles. Furthermore
Horvéth (2005) proposed an alternative to cyclic pattern kernels based on
the set of relevant cycles which is known to be enumerable with polynomial
delay and its cardinality is typically only cubic in the number of vertices.

Another approach to define kernel function on graphs is to employ
the empirical kernel map, i.e., to represent an instance as a vector of the
(dis)similarities to some prototypes, together with, e.g., a set distance mea-
sure [Woznica et al. (2006)] or a graph edit distance [Bunke and Riesen
(2007)]. Kernels defined by the empirical kernel map are per definition posi-
tive definite. Distances can, however, also be incorporated in the definition
of the kernel function directly, e.g., in convolution kernels [Neuhaus and
Bunke (2006a)] or in walk kernels [Neuhaus and Bunke (2006b)]. The lat-
ter approach restricts the walk kernels to vertices that play a role in optimal
matchings. Somewhat related, based on matching atoms, (Frohlich et al.,
2005) proposed a similarity function for which, however, indefiniteness can
been shown. Other indefinite similarity measures have been proposed in
[Jain et al. (2004, 2005)] based on the Schur-Hadamard inner product. As
computing these kernels has prohibitive complexity, a neural network based
non-exact computation is used.

Vishwanathan et al. (2007a) employ fast methods for solving Sylvester
equations as well as conjugate gradient and fixed point iteration meth-
ods to speed up walk based kernels. The thus obtained kernels have
been adapted to handle missing values and applied on co-integrated gene
expression/protein-protein interaction data [Borgwardt et al. (2006b)]. A
java package implementing these and other algorithms can be found in
[Borgwardt et al. (2006a)]. A generalisation of graph kernels to dynami-
cal systems is proposed in [Vishwanathan and Smola (2004)] and applied
to analysis of dynamic scenes [Vishwanathan et al. (2007b)]. Motivated
by the matrix reconstruction theorem, Borgwardt et al. (2007) propose
a graph kernel based on counting common graphlets. Further speedup is
achieved by sampling graphlets, in which case the thus introduced error can
be bound as a function of the sample size. An initial effort to investigate
the expressiveness of graph kernels is made by Florencio (2007).

As for applications of graph kernels, Aldea et al. (2007a,b) modeled im-
ages as graphs and applied graph kernels for medical image analysis. Tree
pattern based graph kernels are used for image classification based on seg-
mentation graphs [Harchaoui and Bach (2007)]. Borgwardt et al. (2005)
combined walk based graph kernels with different other kernels and applied
them for the prediction of functional class membership of enzymes and
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non-enzymes. Jacob et al. (2007) combined graph kernels for ligands with
kernels on targets and improved results for ligand prediction on enzymes,
GPCR, and ion channels are achieved. A graph kernel based on the decom-
position of graphs into canonical subgraphs is used by Faulon et al. (2008)
for the task of predicting whether proteins can catalyse some reactions and
whether drugs can bind to some target. Pahikkala et al. (2006) propose
a graph representation for dependency parses and apply it with modified
graph kernels to parse ranking biomedical texts.

For classifying chemical compounds, recently it has also been proposed
to make use of the 3D structure [Mahé et al. (2006); Swamidass et al.
(2005)], e.g., by making use of pharmacophore information, as well as to
incorporate the feature (substructure) computation and the minimisation
of the learning risk more tightly [Saigo et al. (2006)].

More efficient kernels can be obtained for subclasses of the set of all
graphs such as the set of sequences (see Section 3.4.3) and trees (see Section
3.4.4).

5.7 Relational Reinforcement Learning

Reinforcement learning [Sutton and Barto (1998)], in a nutshell, is about
controlling an autonomous agent in an unknown environment — often called
the state space. The agent has no prior knowledge about the environment
and can only obtain some knowledge by acting in that environment. The
only information the agent can get about the environment is the state
in which it currently is and whether it received a reward. The aim of
reinforcement learning is to act such that this reward is maximised.

Q-learning [Watkins (1989)] — one particular form of reinforcement
learning — tries to map every state-action-pair to a real number (Q-value)
reflecting the quality of that action in that state, based on the experience
so far. While in small state-action spaces it is possible to represent this
mapping extensionally, in large state-action spaces this is not feasible for
two reasons: On the one hand, one can not store the full state-action space;
on the other hand the larger the state-action space gets, the smaller becomes
the probability of ever getting back into the same state. For this reason,
the extensional representation of the quality mapping is often substituted
with an intensional mapping found by a learning algorithm that is able to
generalise to unseen states. Ideally, an incrementally learnable regression
algorithm is used to learn this mapping.
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Relational reinforcement learning [Dzeroski et al. (1998a); Driessens
et al. (2001)] (RRL) is a Q-learning technique that can be applied whenever
the state-action space can not easily be represented by tuples of constants
but has an inherently relational representation instead. In this case ex-
plicitly representing the mapping from state-action-pairs to Q-values is —
in general — not feasible. So far first-order distance-based algorithms as
well as first-order regression trees have been used as learning algorithms to
approximate the mapping between state-action pairs and their Q-value.

In this section we use Gaussian processes with a slightly modified ver-
sion of the graph kernels introduced earlier in this chapter to learn the
mapping from relational state-action spaces to Q-values. Related work on
reinforcement learning with kernel methods is very limited so far2. In order
to employ Gaussian processes in a relational setting we use graph kernels as
the covariance function between state-action pairs. One advantage of using
Gaussian processes in RRL is that rather than predicting a single Q-value,
they actually return a probability distribution over Q-values. Experiments
conducted in the blocks world show that Gaussian processes with graph ker-
nels can compete with, and often improve on, regression trees and instance
based regression as a generalisation algorithm for relational reinforcement
learning.

The outline of this Section is as follows Subsection 5.7.1 briefly presents
the relational reinforcement learning framework and discusses some previ-
ous implementations of the RRL-system. Subsection 5.7.2 extends graph
kernels such that they are able to deal with the structural nature of state-
action pairs in RRL. Subsection 5.7.3 shows how states and actions in the
blocks world can be represented by graphs. Subsection 5.7.4 presents some
experimental results that compare Gaussian processes with other regression
algorithms in RRL.

5.7.1 Relational Reinforcement Learning

Relational reinforcement learning (RRL) [Dzeroski et al. (1998a); Driessens
(2004)] is a Q-learning technique that allows structural representations for
states and actions.

The RRL-system learns through exploration of the state-space in a way
that is very similar to normal Q-learning algorithms. It starts with run-

2In [Ormoneit and Sen (2002)] the term ‘kernel’ is not used to refer to a positive definite
function but to a probability density function.
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Figure 5.9 The RRL-algorithm. In the case of the algorithm proposed in this paper
updating Q. means computing the inverse of the covariance matrix of the examples.
This can be done incrementally using partitioned inverse equations.

Initialise the Q-function hypothesis Qo
e—0
repeat (for each episode)
Examples < ¢
Generate a starting state sg
10
repeat (for each step of episode)
Choose a; for s; using the policy derived from the current hypothesis Q.
Take action a;, observe r; and s;41
1—1+1
until s; is terminal
for j=i-1to 0 do
Generate example x = (s;, a;,§;), where §; «— r; + 'ymaxaQe(st,a)
and add x to Examples
Update Qe using Examples and an incremental relational regression
algorithm to produce Qe+1-
e—e+1
until no more episodes

ning an episode? just like table-based Q-learning, but uses the encountered
states, chosen actions and the received rewards to generate a set of ex-
amples that can then be used to build a Q-function generalisation. These
examples use a structural representation of states and actions.

To build this generalised Q-function, RRL applies an incremental re-
lational regression engine that can exploit the structural representation of
the constructed example set. The resulting Q-function is then used to de-
cide which actions to take in the following episodes. Every new episode
can be seen as new experience and is thus used to updated the Q-function
generalisation. A more formal description of the RRL-algorithm is given in
figure 5.9.

3An ‘episode’ is a sequence of states and actions from an initial state to a terminal
state. In each state, the current Q-function is used to decide which action to take.
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Previous implementations of the RRL-system have used first order re-
gression trees and relational instance based regression to build a generalised
Q-function. Here, we suggest using Gaussian processes as a generalisation
algorithm for RRL. Gaussian processes not only provide a prediction for
unseen examples but can also determine a probability distribution over
Q-values. In reinforcement learning, this probability distribution can, for
example, very easily be used to determine the exploration strategy. We will
compare our new approach with both previous implementations of RRL.

RRL-TG [Driessens et al. (2001)] uses an incremental first order regres-
sion tree algorithm TG to construct the Q-function. Although the TG
-algorithm is very fast compared to other approaches, the performance of
this algorithm depends greatly on the language definition that is used by the
TG -algorithm to construct possible tree refinements. Also, TG has shown
itself to be sensitive with respect to the order in which the (state, action,
qvalue)-examples are presented and often needs more training episodes to
find a competitive policy.

RRL-RIB [Driessens and Ramon (2003)] uses relational instance based
regression for Q-function generalisation. The instance based regression of-
fers a robustness to RRL not found in RRL-TG but requires a first order
distance to be defined between (state, action)-pairs. The definition of a
meaningful first order distance is seldom trivial.

5.7.2 Kernels for Graphs with Parallel Edges

So far, we only considered graphs without parallel edges in this chapter,
however, in this application it is important to consider digraphs with par-
allel edges. In this case we can not identify edges with their image under
W. A graph G is now described by a finite set of vertices V, a finite set of
edges £, and a function ¥. We also have to adapt some definitions given in
the previous sections. We summarise these now.

First, a walk w in a directed graph with parallel edges is a sequence
of vertices v; € V and edges e; € £ with w = vy, e1,va,€a,...€n,0,41 and
U(e;) = (vi,vi+1). We also need to change the definition of the functions
describing the neighbourhood of vertex v in a graph G: §*(v) = {e €
E1¥(e)=(v,u)}and §~(v)={ee | ¥(e) = (u,v)}.

The component [E];; of the adjacency matrix now corresponds to the
number of edges between vertex v; and v;. Replacing the adjacency matrix
E by its n-th power (n € N;n > 0), the interpretation is still the same:
Each component [E™];; of this matrix gives the number of walks of length



158 Kernels for Structured Data

n from vertex v; to v;.
Also the definition of the direct product becomes somewhat more com-
plicated due to the parallel edges that have to be considered now.

Definition 5.10. We denote the direct product of two graphs G; =
(V1,€1,91) and Gy = (V5,&,P3) by G1 x Ga. The vertex set of the
direct product is defined as:

V(Gl X Gg) = {(’Ul,vg) eV X Vy: label(vl) label(vg)} .

The edge set is then defined as:

E(Gl X Gg) = {(61,62) €& x& 3 (ul,UQ), (111,1)2) S V(Gl X G2)
AWq(er) = (u1,v1) A Wa(ez) = (u2,v2)
A label(er) = label(es)} .

Given an edge (e1,e2) € E(G1 x Go) with Wy (e1) = (u1,v1) and Pa(ez) =

(ug2,v2) the value of g, xq, is:

Ve, xa, (e, e2)) = ((ur, u2), (vi,v2))

The labels of the vertices and edges in graph G; x Gy correspond to the
labels in the factors. The graphs G1,Gs are called the factors of graph
G1 X GQ.

Modulo the above changed definitions, the definition of the product
graph kernel remains

V]
kx(G1,G2) = [Z/\ E}

i,j=1 Ln=0

ij

5.7.3 Kernel Based RRL in the Blocks World

In this subsection we first show how the states and actions in the blocks
world can be represented as a graph. Then we discuss which kernel is used
as the covariance function between blocks worlds.

5.7.3.1 State and Action Representation

A blocks world consists of a constant number of identical blocks. Each block
is put either on the floor or on another block. On top of each block is either
another block, or ‘no block’. Figure 5.10 illustrates a (state,action)-pair in
a blocks world with four blocks in two stacks. The right side of Figure
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Figure 5.10 Simple example of a blocks world state and action (left) and its representa-
tion as a graph (right). The vertex number is in brackets before the colon and the label
is after the colon.

5.10 shows the graph representation of this blocks world. The vertices of
the graph correspond either to a block, the floor, or ‘clear’; where ‘clear’
basically denotes ‘no block’. This is reflected in the labels of the vertices.
Each edge labelled ‘on’ (solid arrows) denotes that the block corresponding
to its initial vertex is on top of the block corresponding to its terminal
vertex. The edge labelled ‘action’ (dashed arrow) denotes the action of
putting the block corresponding to its initial vertex on top of the block
corresponding to its terminal vertex; in the example “put block 4 on block
3”. The labels ‘a/1’ and ‘a/2’ denote the initial and terminal vertex of the
action, respectively.

To represent an arbitrary blocks world as a labelled directed graph we
proceed as follows. Given the set of blocks numbered 1,...,n and the set
of stacks 1,...,m:

(1) The vertex set V of the graph is {vg, ..., Vpt1}-
(2) The edge set & of the graph is {e1,. .., €ntmt1}-

The node vy will be used to represent the floor, v,+1 will indicate which
blocks are clear. Since each block is on top of something and each stack has
one clear block, we need n + m edges to represent the blocks world state.
Finally, one extra edge is needed to represent the action.

For the representation of a state it remains to define the function W:

(3) For 1 <i < n, we define ¥(e;) = (14, 1p) if block i is on the floor, and
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U(e;) = (vi,v;) if block 7 is on top of block j.
(4) For n < i < n+m, we define ¥(e;) = (Vp41,v;) if block j is the top
block of stack ¢ — n.

And the function label:

(5) Let & = 2{{‘ﬂoor’},{‘clear’},{‘block’},{‘on’},{‘a/l’},{‘a/2’}} and define

label(vy) = {‘floor’},

label(vn41) = {‘clear’},

label(v;) = {‘block’} (1 <i < n), and
label(e;) = {‘on’} (1 <i<n+m).

All that is left now is to represent the action in the graph

(6) We define:

e U(epiymt1) = (vi,v;) if block 4 is moved to block j(j > 0) or on
the floor (j = 0),

o label(v;) < label(v;) U {‘a/1’},

o label(v;) « label(v;) U{‘a/2’}, and

o label(entmy1) = {‘action’}.

It is clear that this mapping from blocks worlds to graphs is injective.

In some cases the ‘goal’ of a blocks world problem is to stack blocks in a
given configuration (e.g. “put block 3 on top of block 4”). We then need to
represent this in the graph. This is handled in the same way as the action
representation, i.e. by an extra edge along with an extra ‘g/1’, ‘g/2’, and
‘goal’ labels for initial and terminal blocks, and the new edge, respectively.
Note that by using more than one ‘goal’ edge, we can model arbitrary goal
configurations, e.g., “put block 3 on top of block 4 and block 2 on top of
block 17.

5.7.3.2 Blocks World Kernels

In finite state-action spaces Q-learning is guaranteed to converge if the
mapping between state-action pairs and Q-values is represented explicitly.
One advantage of Gaussian processes is that for particular choices of the
covariance function, the representation is explicit.

To see this we use the matching kernel ks as the covariance function
between examples (ks : X x X — R is defined as ks(z,2’) = 1if 2 = 2/
and ks(z,2’) = 0 if  # 2’). Let the predicted Q-value be the mean of the
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distribution over target values, i.e., f,41 = ¢ C~'t where the variables are
used as defined in Section 2.4.3. Assume the training examples are distinct
and the test example is equal to the j-th training example. It then turns
out that C = I = C~! where I denotes the identity matrix. As furthermore
c is then the vector with all components equal to 0 except the j-th which
is equal to 1, it is obvious that £, = t; and the representation is thus
explicit.

A frequently used kernel function for instances that can be repre-
sented by vectors is the Gaussian radial basis function kernel (RBF). Given
the bandwidth parameter o the RBF kernel is defined as: kppe(z,2’) =
exp(—||z — 2'||*/0?). For small enough o the RBF kernel behaves like the
matching kernel. In other words, the parameter o can be used to regulate
the amount of generalisation performed in the Gaussian process algorithm:
For very small o all instances are very different and the Q-function is repre-
sented explicitly; for large enough o all examples are considered very similar
and the resulting function is very smooth.

In order to have a similar means to regulate the amount of generalisation
in the blocks world setting, we do not use the graph kernel proposed in
Section 5.7.2 directly, but use a Gaussian modifier with it. Let k& be the
graph kernel with exponential weights, then the kernel used in the blocks
world is given by

k*(z,2') = exp [—(k(z.2) — 2k(z,2") + k(2',2")) /0?] .

5.7.4 Ezxperiments

In this section we describe the tests used to investigate the utility of Gaus-
sian processes and graph kernels as a regression algorithm for RRL. We use
the graph-representation of the encountered (state,action)-pairs and the
blocks world kernel as described in the previous section,

The RRL-system was trained in worlds where the number of blocks
varied between 3 and 5, and given “guided” traces [Driessens and Dzeroski
(2002)] in a world with 10 blocks. The Q-function and the related policy
were tested at regular intervals on 100 randomly generated starting states
in worlds where the number of blocks varied from 3 to 10 blocks.

We evaluated RRL with Gaussian processes on three different goals:
stacking all blocks, unstacking all blocks and putting two specific blocks on
each other. For each goal we ran five times 1000 episodes with different
parameter settings to evaluate their influence on the performance of RRL.



162 Kernels for Structured Data

After that we chose the best parameter setting and ran another ten times
1000 episodes with different random initialisations. For the “stack-goal”
only 500 episodes are shown, as nothing interesting happens thereafter. The
results obtained by this procedure are then used to compare the algorithm
proposed in this paper with previous versions of RRL.

5.7.4.1 Parameter Influence

The used kernel has two parameters that need to be chosen: the exponential
weight 5 (which we shall refer to as exp in the graphs) and the radial base
function parameter v = 1/0? (which we shall refer to as 7bf).

The ezp-parameter gives an indication of the importance of long walks
in the product graph. Higher exp-values place means a higher weight for
long walks. The rbf-parameter gives an indication of the amount of gener-
alisation that should be done. Higher rbf-values means lower o-values for
the radial base functions and thus less generalisation.

We tested the behaviour of RRL with Gaussian processes on the “stack-
goal” with a range of different values for the two parameters. The experi-
ments were all repeated five times with different random seeds. The results
are summarised in Figure 5.11. The graph on the left shows that for a
small ezp-values RRL can not learn the task of stacking all blocks. This
makes sense, since we are trying to create a blocks-world-graph which has
the longest walk possible, given a certain amount of blocks. However, for
very large values of exp we have to use equally small values of rbf to avoid
numeric overflows in our calculations, which in turn results in non-optimal
behaviour. The right side of Figure 5.11 shows the influence of the rbf
parameter. As expected, smaller values result in faster learning, but when
choosing too small rbf-values, RRL can not learn the correct Q-function
and does not learn an optimal strategy.

For the “unstack-” and “on(A,B)-goal”, the influence of the exp-
parameter is smaller as shown in the left sides of Figure 5.12 and Figure
5.13 respectively. For the “unstack-goal” there is even little influence from
the rbf-parameter as shown in the right side of Figure 5.12 although it seems
that average values work best here as well.

The results for the “on(A,B)-goal” however, show a large influence of the
rbf-parameter (right side of Figure 5.13). In previous work we have always
noticed that “on(A,B)” is a hard problem for RRL to solve [Driessens et al.
(2001); Driessens and Dzeroski (2002)]. The results we obtained with RRL-
KBR give an indication why. The learning-curves show that the performance
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of the resulting policy is very sensitive to the amount of generalisation that
is used. The performance of RRL drops rapidly as a result of over- or
under-generalisation.

5.7.4.2  Comparison with previous RRL-implementations

Figure 5.14 shows the results of RRL-KBR on the three blocks world prob-
lems in relation to the two previous implementations of RRL, i.e. RRL-Ta
and RRL-RIB. For each goal we chose the best parameter settings from
the experiments described above and ran another ten times 1000 episodes.
These ten runs were initialised with different random seeds than the exper-
iments used to choose the parameters.

RRL-KBR clearly outperforms RRL-TG with respect to the number of
episodes needed to reach a certain level of performance. Note that the
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comparison as given in Figure 5.14 is not entirely fair with RRL-Ta. Al-
though RRL-TG does need a lot more episodes to reach a given level of
performance, it processes these episodes much faster. This advantage is,
however, lost when acting in expensive or slow environments.

RRL-KBR performs better than RRL-RIB on the “stack-goal” and ob-



Graph Kernels 165

tains comparable results on the “unstack-goal” and on the “on(A,B)-goal”.
Our current implementation of RRL-KBR is competitive with RRL-RIB in
computation times and performance. However, a big advantage of RRL-
KBR is the possibility to achieve further improvements with fairly simple
modifications, as we will outline in the next section .

5.7.5 Future Work

Future work will investigate how reinforcement techniques such as local
linear models [Schaal et al. (2000)] and the use of convex hulls to make safe
predictions [Smart and Kaelbling (2000)] can be applied in RRL.

A promising direction for future work is also to exploit the probabilis-
tic predictions made available in RRL by the algorithm suggested in this
paper. The obvious use of these probabilities is to exploit them during
exploration. Actions or even entire state-space regions with low confidence
on their Q-value predictions could be given a higher exploration priority.
This approach is similar to interval based exploration techniques [Kaelbling
et al. (1996)] where the upper bound of an estimation interval is used to
guide the exploration into high promising regions of the state-action space.
In the case of RRL-KBR these upper bounds could be replaced with the
upper bound of a 90% or 95% confidence interval.

So far, we have not put any selection procedures on the
(state, action, qualue) examples that are passed to the Gaussian processes
algorithm by RRL. Another use of the prediction probabilities would be to
use them as a filter to limit the examples that need to be processed. This
would cause a significant speedup of the regression engine. Other instance
selection strategies that might be useful are suggested in [Driessens and
Ramon (2003)] and have there successfully been applied in instance based
RRL.

Many interesting reinforcement learning problems apart from the blocks
world also have an inherently structural nature. To apply Gaussian pro-
cesses and graph kernels to these problems, the state-action pairs just need
to be represented by graphs. Future work will explore such applications.

The performance of the algorithm presented here could be improved by
using only an approximate inverse in the Gaussian process. The size of the
kernel matrix could be reduced by so called instance averaging techniques
[Forbes and Andre (2002)]. While the explicit construction of average in-
stances is far from being trivial, still the kernel between such average in-
stances and test instances can be computed easily without ever constructing
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average instances.

In our empirical evaluation, the algorithm presented in this paper proved
competitive or better than the previous implementations of RRL. From our
point of view, however, this is not the biggest advantage of using graph
kernels and Gaussian processes in RRL. The biggest advantages are the el-
egance and potential of our approach. Very good results could be achieved
without sophisticated instance selection or averaging strategies. The gen-
eralisation ability can be tuned by a single parameter. Probabilistic pre-
dictions can be used to guide exploration of the state-action space.

5.8 Molecule Classification

One of the most interesting application areas for predictive graph min-
ing algorithms is the classification of molecules—known as virtual ligand
screening. An alternative to docking based approaches [Klebe (2006)] are
similarity based approaches [Eckert and Bajorath (2007)] on which we fo-
cus our attention here. It has been shown, that kernel methods such as the
support vector machines with standard sets of molecular descriptors used in
chemoinformatics have competitive or better performance than other simi-
larity based virtual ligand screening methods [Miiller et al. (2005); Jorissen
and Gilson (2005); Geppert et al. (2008)]. In this section we investigate the
performance of kernel methods with graph kernels and compare it to other
state-of-the-art machine learning techniques.

5.8.1 Mutagenicity

We consider now the drug activity prediction problem of predicting the mu-
tagenicity of molecules. A molecule is considered active if it is able to cause
DNA to mutate. The original dataset [Srinivasan et al. (1996)], described
by a set of Prolog predicates, has widely been used in the inductive logic
programming community.

Srinivasan et al. (1999) consider different types of information. The
basic data is described by two relations, the atoms of the molecule and the
bonds between the atoms, other representations include global molecular
descriptors. In the simplest representation, each atom of a molecule is
described by the tuple of element, atom-type, and atom-charge; each bond
is described by its adjacent atoms and its bond-type. Other representations
contain indicator as well as numeric variables that simplify the learning
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Table 5.1 Mutagenesis: Best
results on atom and bond
data from [Flach and Lachiche
(2004)].
dataset Acc  AUC
friendly 0.82 0.83
unfriendly 0.79  0.73

task.

Though incorporating the additional attributes in our kernel function
would be very easy, here we consider each molecule as a graph only. A
vertex label in this graph is the element of the corresponding atom and
all edges have the same label. This representation contains less (explicit)
information than the representations considered in the literature, which
(at least) also make use of atom-type, bond-type, and charge. Additional
features such as the above mentioned indicator and numeric variables have
been shown to significantly improve the results achieved by many learning
algorithms.

Two sets of instances are frequently used, the so called ‘regression-
friendly’ dataset containing 125 active and 63 inactive instances, and the
‘regression-unfriendly’ dataset containing 13 active and 29 inactive in-
stances. Usually, algorithms are evaluated using leave-one-out on the un-
friendly dataset, and 10-fold crossvalidation on the friendly dataset. The
best results reported in literature are accuracy 0.89 [Srinivasan et al. (1999)]
and area under the ROC curve of 0.91 [Flach and Lachiche (2004)] on the
friendly data; and accuracy 0.83 [King et al. (1995)] and area under the
ROC curve of 0.73 [Flach and Lachiche (2004)] on the unfriendly data.
Often worse results have been reported. With only the atom and bond
information, however, worse results are reported in literature. The best
results then have then been achieved by Flach and Lachiche (2004) with
1BC(2). Their results are summarised in Table 5.1.

By applying a one-nearest-neighbour algorithm with graph kernels to
the graph representation of the mutagenesis dataset, we were able to achieve
results similar to those obtained with more expressive representations and
superior to those with the basic representation. Note that even the basic
representation used in literature makes use of more information (e.g., atom-
charge) than we do with our merely graph based representation. Our results
over a variety of parameters are reported in Table 5.2.
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Table 5.2 Mutagenesis: leave-one-out with 1-nearest neighbour.

regression-unfriendly (13/26)  regression-friendly (125/63)
exp-weight | Acc AUC Acc AUC
0.02 0.83 0.83 0.88(£0.08)  0.84(+£0.12)
0.04 0.83 0.84 0.88(£0.08)  0.84(£0.12)
0.06 0.83 0.84 0.88(£0.07)  0.85(+0.10)
0.08 0.83 0.84 0.89(£0.07)  0.85(£0.10)
0.10 0.83 0.84 0.89(£0.07)  0.85(+0.10)
0.20 0.81 0.86 0.89(£0.07)  0.87(=£0.09)
0.40 0.83 0.87 0.89(£0.07)  0.86(+0.08)
0.60 0.81 0.91 0.88(£0.08)  0.86(£0.10)
0.80 0.79 0.91 0.88(£0.08)  0.85(£0.09)
1.00 0.81 0.93 0.88(£0.07)  0.85(=£0.09)
2.00 0.71 0.74 0.89(£0.07)  0.87(£0.10)

5.8.2 HIV Data

Here, we use the HIV dataset of chemical compounds to evaluate the pre-
dictive power of walk- and cycle-based graph kernels. The HIV database
is maintained by the U.S. National Cancer Institute (NCI)* and describes
information of the compounds capability to inhibit the HIV virus. This
database has been used frequently in the empirical evaluation of graph
mining approaches (for example [Borgelt and Berthold (2002); Deshpande
et al. (2003); Kramer et al. (2001a)]). However, the only approaches to
predictive graph mining on this dataset are described in [Deshpande et al.
(2003, 2002)]. There, a support vector machine was used with the frequent
subgraph kernel mentioned in Section 5.6.

Figure 5.15 shows the number of molecules with a given number of
simple cycles. This illustrates that in the HIV domain the assumption
made in the development of cyclic pattern kernels holds.

Dataset In the NCI-HIV database, each compound is described by its
chemical structure and classified into one of three categories: confirmed
inactive (CI), moderately active (CM), or active (CA). A compound is
inactive if a test showed less than 50% protection of human CEM cells.
All other compounds were re-tested. Compounds showing less than 50%
protection (in the second test) are also classified inactive. The other com-
pounds are classified active, if they provided 100% protection in both tests,
and moderately active, otherwise. The NCI-HIV dataset we used® contains
42689 molecules, 423 of which are active, 1081 are moderately active, and
41185 are inactive.

4http://cactus.nci.nih.gov
Shttp://cactus.nci.nih.gov/ncidb/download.html
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Figure 5.15 Log-log plot of the number of molecules (y) versus the number of simple
cycles (x)

Vertex Colouring Though the number of molecules and thus atoms
in this dataset is rather large, the number of vertex labels is limited by
the number of elements occurring in natural compounds. For that, it is
reasonable to not just use the element of the atom as its label. Instead,
we use the pair consisting of the atom’s element and the multiset of all
neighbours’ elements as the label. In the HIV dataset this increases the
number of different labels from 62 to 1391.

More sophisticated vertex colouring algorithms are used in isomorphism
tests. There, one would like two vertices to be coloured differently iff they
do not lie on the same orbit of the automorphism group [Fiirer (1995)].
As no efficient algorithm for the ideal case is known, one often resorts to
colourings such that two differently coloured vertices can not lie on the same
orbit. One possibility there is to apply the above simple vertex colouring
recursively. This is guaranteed to converge to a “stable colouring”.

Implementation Issues The size of this dataset, in particular the size of
the graphs in this dataset, hinders the computation of walk-based graph ker-
nels by means of eigendecompositions on the product graphs. The largest
graph contains 214 atoms (not counting hydrogen atoms). If all had the
same label, the product graph would have 45796 vertices. As different ele-
ments occur in this molecule, the product graph has less vertices. However,
it turns out that the largest product graph (without the vertex colouring
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step) still has 34645 vertices. The vertex colouring above changes the num-
ber of vertices with the same label, thus the product graph is reduced to
12293 vertices. For each kernel computation, either eigendecomposition or
inversion of the adjacency matrix of a product graph has to be performed.
With cubic time complexity, such operations on matrices of this size are
not feasible.

The only chance to compute graph kernels in this application is to ap-
proximate them. There are two choices. First we consider counting the
number of walks in the product graph up to a certain depth. In our ex-
periments it turned out that counting walks with 13 or less vertices is still
feasible. An alternative is to explicitly construct the image of each graph in
feature space. In the original dataset 62 different labels occur and after the
vertex colouring 1391 different labels occur. The size of the feature space
of label sequences of length 13 is then 62'2 > 1023 for the original dataset
and 13913 > 10%° with the vertex colouring. We would also have to take
into account walks with less than 13 vertices but at the same time not all
walks will occur in at least one graph. The size of this feature space hinders
explicit computation. We thus resorted to counting walks with 13 or less
vertices in the product graph.

Experimental Methodology We compare our approach to the results
presented in [Deshpande et al. (2002)] and [Deshpande et al. (2003)]. The
classification problems considered there were: (1) distinguish CA from CM,
(2) distinguish CA and CM from CI, and (3) distinguish CA from CI.
Additionally, we will consider (4) distinguish CA from CM and CI. For
each problem, the area under the ROC curve (AUC), averaged over a 5-
fold crossvalidation, is given for different misclassification cost settings.

In order to choose the parameters of the walk-based graph kernel we pro-
ceeded as follows. We split the smallest problem (1) into 10% for parameter
tuning and 90% for evaluation. First we tried different parameters for the
exponential weight (1072,1072,107!,1,10) in a single nearest neighbour
algorithm (leading to an average AUC of 0.660,0.660,0.674,0.759,0.338)
and decided to use 1 from now. Next we needed to choose the complexity
(regularisation) parameter of the SVM. Here we tried different parameters
(1073,1072,107! leading to an average AUC of 0.694,0.716,0.708) and
found the parameter 10~2 to work best. Evaluating with a SVM and these
parameters on the remaining 90% of the data, we achieved an average AUC
of 0.820 and standard deviation 0.024.

For cyclic pattern kernels, only the complexity constant of the support
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Table 5.3 Area under the ROC curve for different costs and problems (e: significant
loss against walk-based kernels at 10% / ee: significant loss against walk-based
kernels at 1% / o: significant loss against cyclic pattern kernels at 10% / o o:
significant loss against cyclic pattern kernels at 1%)

walk-based cyclic pattern
task | cost kernels kernels FSG FSG*
(1) 1 || 0.818(%0.024) || 0.813(%0.014) 0.774 eeco || 0.810
(1) 5/2 || 0.825(40.032) || 0.827(40.013) 0.782 @ oo || 0.792 e o0
(2) 1 || 0.815(40.015) || 0.775(1+0.017) ee || 0.742 eeco || 0.765 ee
(2) 35 || 0.799(40.011) || 0.801(40.017) 0.778 ee0 0.794
(3) 1 || 0.942(40.015) || 0.919(40.011) 0.868 eec0 || 0.839 eeco
(3) 100 || 0.944(£0.015) || 0.929(40.01) e 0.914 ee o 0.908 eeco
(4) 1 || 0.926(40.015) || 0.908(40.024) e — —
(4) 100 || 0.928(+£0.013) || 0.921(+£0.026) — —

vector machine has to be chosen. Here, the heuristic as implemented in
SVM-light [Joachims (1999)] is used. Also, we did not use any vertex
colouring with cyclic pattern kernels.

Results of Experimental Evaluation To compare our results to those
achieved in previous work, we fixed these parameters and rerun the exper-
iments on the full data of all three problems. Table 5.3 summarises these
results and the results reported in [Deshpande et al. (2002)]. In [Deshpande
et al. (2003)] the authors of [Deshpande et al. (2002)] describe improved
results (FSG*). There, the authors report results obtained with an opti-
mised threshold on the frequency of patterns®. Clearly, the graph kernels
proposed here outperform FSG and FSG* over all problems and misclassi-
fication cost settings

To evaluate the significance of our results we proceeded as follows: As
we did not know the variance of the area under the ROC curve for FSG,
we assumed the same variance as obtained with graph kernels. Thus, to
test the hypothesis that graph kernels significantly outperform FSG, we
used a pooled sample variance equal to the variance exhibited by graph
kernels. As FSG and graph kernels were applied in a 5-fold crossvalidation,
the estimated standard error of the average difference is the pooled sample
variance times \/g . The test statistic is then the average difference divided
by its estimated standard error. This statistic follows a t distribution. The
null hypothesis — graph kernels perform no better than FSG — can be

6In [Deshpande et al. (2003)] also including a description of the three dimensional shape
of each molecule is considered. We do not compare our results to those obtained using
the three dimensional information. We are considering to also include three dimensional
information in our future work and expect similar improvements.
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rejected at the significance level « if the test statistic is greater than tg(«),
the corresponding percentile of the ¢ distribution.

Table 5.3 shows the detailed results of this comparison. Walk-based
graph kernels perform always better or at least not significantly worse than
any other kernel. Cyclic pattern kernels are sometimes outperformed by
walk-based graph kernels but can be computed much more efficiently. For
example, in the classification problem where we tried to distinguish active
compounds from moderately active compounds and inactive compounds,
five-fold crossvalidation with walk-based graph kernels finished in about
eight hours, while changing to cyclic pattern kernels reduced the runtime
to about twenty minutes.

5.9 Summary

In this chapter we showed that computing a complete graph kernel is at
least as hard as deciding whether two graphs are isomorphic, and that
the problem of computing a graph kernel based on common (isomorphic)
subgraphs is NP-hard. Therefore, we presented alternative graph kernels
that are conceptually based on the label sequences of all possible walks in
the graph. Efficient computation of these kernels is made possible by the
use of product graphs and by choosing the weights such that a closed form
of the resulting matrix power series exists.

The advantage of the label pair graph kernel is that the feature space can
be computed explicitly and thus linear optimisation methods for support
vector machines can be applied. Therefore, learning with this kernel can
be very efficient. The advantage of the direct product kernel and the non-
contiguous graph kernel is the expressivity of their feature spaces. Both
definitions are based on the concept of graph products. We have shown
that the direct graph product can be employed to count the number of
contiguous label sequences occurring in two graphs and that it can be to
extended to count the number of non-contiguous label sequences occurring
in two graphs.

A problem with walk based kernels is that we are not able to distinguish
between cyclic and acyclic subgraphs. An alternative graph kernel, the
cyclic pattern kernel, can however only be computed in polynomial time on
graphs for which the number of simple cycles can be bound by a polynomial
in the number of vertices.

To empirically evaluate our approach, in Section 5.7 we proposed Gaus-
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sian processes and graph kernels as a new regression algorithm in relational
reinforcement learning. Gaussian processes have been chosen as they are
able to make probabilistic predictions and can be learnt incrementally. The
use of graph kernels as the covariance functions allows for a structural rep-
resentation of states and actions. Experiments in the blocks world show
comparable and even better performance for RRL using Gaussian processes
when compared to previous implementations: decision tree based RRL and
instance based RRL. With graph kernels it is not only possible to apply
Gaussian processes in RRL but also other regression algorithms can be
used.

To further strengthen these empirical results, we also applied graph
kernels to the problem of molecule classification. One of the databases
considered contains more than 40000 molecules described by their chemical
structure graph. Using a support vector machine and graph kernels on
the undirected graphs describing the molecules, we were able to obtain
substantial improvements over previous results. It turns out that though
walk-based graph kernels are able to achieve somewhat better predictive
performance, cyclic pattern kernels can be computed in much less time on
this domain.
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Chapter 6

Conclusions

“And that’s why I so wviolently objected to the business of having me
boiled. I could see the image in your mind—most of me in the frozen
food locket, some of me in the kettle, a bit for your pet cat—"

“So you read minds?” the Captain said. “How interesting. Anything
else? I mean, what else can you do along these lines?”

“A few odds and ends,” the wub said absently, staring around the room.

(Philip K. Dick, Beyond Lies the Wub)

In this book we investigated how to apply kernel methods to struc-
tured data. Before, kernel methods had very successfully been applied to
real-world machine learning problems in which the instances can easily be
embedded in a Euclidean space. This is the case, for example, for instances
represented by a single row in a single table.

By structured data we mean any kind of data for which this embedding
is not obvious or for which obvious embeddings are not meaningful. In par-
ticular we investigated two representations: basic terms and graphs. Basic
terms are ground terms in a typed higher-order logic and can be used as
a very general modelling tool for instances. Although this representation
is sufficiently powerful to also represent general graphs, for the represen-
tation of general graphs we need to introduce identifiers linking one part
of an instance to another. As exploiting these identifiers causes conver-
gence and computational issues, we ignored them when considering kernels
for basic terms. Exploiting this kind of identifiers is essential, however,
when investigating graphs. We thus considered graph kernels in a separate
chapter.

A theoretical investigation of basic term kernels for multi-instance con-

175
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cepts showed some nice properties of basic term kernels on this kind of
problems. An empirical investigation of basic term kernels in different real-
world applications showed that basic term kernels perform competitive or
better than other algorithms proposed for these problems.

Classifying graphs is a problem that—when solved—could help speed
up the development of new drugs, for example. We first showed that graph
kernels that are able to distinguish two graphs if and only if they are not
isomorphic, can not be computed in polynomial time. We then proposed
alternative kernels that are based on the label sequences of walks or simple
cycles in the graphs. While walk-based graph kernels can be computed in
polynomial time for general undirected graphs, cyclic pattern kernels can
only be computed in polynomial time in the number of simple cycles of
the graphs. We evaluated walk-based graph kernels in a relational rein-
forcement learning setting and compared them with cyclic pattern kernels
on a molecule classification problem. Both walk- and cycle-based kernels
performed better or at least competitive with earlier proposed learning al-
gorithms over all learning tasks we considered.

We end this book with a brief overview of some related research ideas
that can be investigated in future work.

Separation and convergence Similar to the investigation of separation
and convergence properties of basic term kernels for multi-instance con-
cepts, it would be very interesting and important to investigate these
issues for other concept classes. As a first step, concept classes that
occur frequently in real world problems have to be identified.

Unifying graph kernels We described a number of different kernels be-
tween instances represented by graphs. A related problem is the defini-
tion of kernels between the vertices of the same graph. Unifying these
two types of graph kernels would enable the transfer of theoretical re-
sults from one area to the other.

Polynomial fragments of cyclic pattern kernels We showed
that cyclic pattern kernels can in general not be computed in poly-
nomial time. However, it would be interesting to investigate whether
the restriction to cycles with particular properties only can lead to
polynomial time algorithms.

Application of graph kernels in games In board games like for exam-
ple go each board state can be described by a graph. By using graph
kernels it could be possible to achieve better computer opponents for
this kind of board games.
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Learning with structured output spaces Recently more and more
researchers are interested in learning tasks where the set of labels is
infinite and structured, for example, one wants to predict a tree struc-
ture from a sequence. Using graph kernels on output spaces could be
one step towards the prediction of graph structures.

Using graph kernels with spatial data Spatial data can not only be
modelled using spatial coordinates, but also using spatial relations.
Special graph kernels for spatial relations could be used in location
planning problems.
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definite

positive, 25
definition

predicate, 88
dense, 18
denumerable, 15

diagonal decomposition, 25

difference, 14
symmetric, 14
diffusion kernel, 76, 77
dimension, 19
dimensional
finite-, 19
infinite-, 19
direct product, 133
directed graph, 131
distance, 17
distribution
prior, 45
diverge, 16
dual space, 20

edge-labelled graph, 131
edge-set, 131
edges

parallel, 131
eigen- decomposition, 25
eigenvalue, 25
eigenvector, 25
element, 14
empirical risk, 30
empty set, 14
equivalence relation, 14
equivalent, 15
equivalent functions, 16
error rate, 31
Euclidean n-space, 17
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everywhere dense, 18

false-positive rate, 32
feature space, 52
subgraph, 138
finite decomposition, 16
finite set, 15
finite- dimensional, 19
Fisher information matrix, 74
Fisher kernel, 74
formula, 88, 92
fully-labelled graph, 131
function, 15
convex, 39
covariance, 45
inverse, 15
mean, 45
simple, 16
functional, 19
linear, 19
functions, 91
basis, 33
equivalent, 16
fundamental sequence, 18

Gaussian kernel, 60
Gaussian modifier, 65, 119, 122, 161
Gaussian processes, 45, 155, 173
generative model, 74
graph, 131
connected, 132
directed, 131
edge-labelled, 131
fully-labelled, 131
labelled, 131
product, 133
undirected, 131
vertex-labelled, 131
graph isomorphism, 135
graph kernel
strictly positive definite, 138
graphs
transition, 143
ground, 88

Hamiltonian cycle, 132

Hamiltonian path, 132
Hessian matrix, 39
hidden Markov model, 74
Hilbert space, 21, 35
hinge loss, 41
hold-n-out, 31
hypergraph, 131
hyperplane, 21
hypothesis

consistent, 48
hypothesis space, 28, 35

ill-conditioned, 34
in norm

converges, 20
induced subgraph, 132
inductive learning, 28
inductive logic programming, 88
inequality

Schwarz, 21
infinite set, 15
infinite- dimensional, 19
injective, 15
inner product space, 20
instance space, 28
instances, 28

test, 28
integrable, 17
integral

Lebesgue, 17
intersection, 14
intersection kernel, 68, 72, 107
inverse, 25
inverse equations

linear, 33

partitioned, 46
inverse function, 15
isomorphic spaces, 21
isomorphism

graph, 135

kernel
appropriate, 58
complete, 57
convolution, 73
correct, 58
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crossproduct, 70, 72, 107 least squares support vector
data-driven, 57 machines, 38
diffusion, 76, 77 leave-one-out, 31
Fisher, 74 Lebesgue integral, 17
Gaussian, 60 limit, 16, 17
intersection, 68, 72, 107 linear combination, 19
linear, 59 linear combinations, 33
locality-improved, 81 linear functional, 19
marginalised, 75 bounded, 20
matching, 58, 60, 70, 95 continuous, 19
model-driven, 57 linear hull, 19
normalised linear, 59 linear inverse equations, 33
polynomial, 59 linear kernel, 59
positive definite, 23 linear operator, 19
regularised Laplacian, 77 linear space, 18
reproducing, 22, 35 normed, 19
semantics-driven, 56 linear transformation, 19
soft-maximal, 67 linearly independent, 19
soft-maximal set, 72, 104 linearly separable, 105
strictly positive definite, 24 literal, 87
string, 79 locality-improved kernel, 81
string n-gram, 80 logic
string spectrum, 80 combinatory, 90
string subsequence, 79 propositional, 86
syntax-driven, 56 loops, 131
tree, 82 loss
von Neumann, 77 e-insensitive, 41
kernel matrix hinge, 41
centred, 50 square, 30, 38
kernel PCA, 48, 122 loss function, 30
kernel perceptron, 47, 104, 108
Kronecker product, 26 machine
support vector, 41
labelled graph, 131 mapping, 14
labels, 28 marginalised kernel, 75
lambda calculus, 88 matching kernel, 58, 60, 70, 95
learner matrix, 24
consistent, 28 Hessian, 39
learning mean function, 45
inductive, 28 measurable, 16
multi-instance, 72, 103 measure, 16
transductive, 28 probability, 29
unsupervised, 48 metric, 17
learning algorithm, 28 metric space, 17, 51
least squares misclassification cost, 31

regularised, 34, 38, 41, 46 model fitting, 33
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Gaussian, 65, 119, 122, 161
normalisation, 65
polynomial, 65, 104, 114
multi-instance concept, 105
multi-instance learning, 72, 103

nearest neighbour, 51, 122
normal vector, 21
normalisation modifier, 65
normalised linear kernel, 59
normed linear space, 19
number

cardinal, 15

operator

linear, 19
orthogonal, 21
orthogonal basis, 21

pair hidden Markov model, 75
parallel edges, 131
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partitioned inverse equations, 26, 46

path, 132

Hamiltonian, 132
PCA

kernel, 48, 122
perceptron

kernel, 47, 104, 108
pointwise convergence, 16
polynomial kernel, 59
polynomial modifier, 65, 104, 114
positive definite, 25

strictly, 25
positive definite kernel, 23
power set, 14
predicate, 92

target, 88
predicate definition, 88
predicates

background, 88
prior distribution, 45
probability

transition, 143
probability measure, 29

processes

Gaussian, 45, 155, 173
product

Kronecker, 26

tensor, 26, 64
product graph, 133
program clause, 88
proper subgraph, 132
proper subset, 14
properties

closure, 98
propositional logic, 86
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proximal support vector machine, 38

pseudo-metric, 17
pseudo-metric space, 17

rank, 25
ranking, 28
rate
error, 31
false-positive, 32
true-positive, 32
reflexive, 14
regression, 28
regular, 25
regularisation, 35
Tikhonov, 35
regularised Laplacian kernel, 77

regularised least squares, 34, 38, 41,

46
regularised risk, 35, 38
relation
binary, 14
relational rule learning, 88
representation
attribute-value, 87
representer theorem, 36
strong, 36
weak, 36
reproducing kernel, 22, 35
ridge regression, 38
Riesz theorem, 21
ring of sets, 15
risk
empirical, 30
regularised, 35, 38
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true, 30
ROC, 31
ROC curve, 122
ROC space, 32

Schwarz inequality, 21
semantics-driven kernel, 56
semiring, 16
separable, 18, 19

linearly, 105
sequence

Cauchy, 18

fundamental, 18
set, 14

Borel, 15

empty, 14

finite, 15

infinite, 15

power, 14
sets

validation, 31
signature, 91
simple function, 16
singular, 25
soft-maximal kernel, 67
soft-maximal set kernel, 72, 104
space

Banach, 19

conjugate, 20

dual, 20

feature, 52

Hilbert, 21, 35

hypothesis, 28, 35

inner product, 20

instance, 28

linear, 18

metric, 17, 51

pseudo-metric, 17

vector, 18

version, 28
spaces

isomorphic, 21
span, 19
spanning subgraph, 132
square integrable, 22
square loss, 30, 38

states, 143
strictly positive definite, 25

strictly positive definite graph kernel,
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strictly positive definite kernel, 24

string kernel, 79
string n-gram kernel, 80
string spectrum kernel, 80
string subsequence kernel, 79
strong representer theorem, 36
strongly

converges, 20
structures

basic, 93
subgraph, 132

induced, 132

proper, 132

spanning, 132
subgraph feature space, 138
subset, 14

proper, 14
supervised, 28
support, 94

support vector machine, 41, 117, 122

support vectors, 37
surjective, 15
symmetric, 14
symmetric difference, 14
syntax-driven kernel, 56
system of sets, 15

table

contingency, 31
target predicate, 88
tensor product, 26, 64
term, 87
terms, 92

basic, 92
test data, 28
test instances, 28
theorem

Riesz, 21
Tikhonov regularisation, 35
time

computation, 30
training data, 28
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transductive learning, 28
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linear, 19
transition graphs, 143
transition probability, 143
transitive, 14
tree kernel, 82
triangle inequality, 17
true risk, 30
true-positive rate, 32
tuples

basic, 93
types, 91

undirected graph, 131
uniform convergence, 16
union, 14

unsupervised learning, 48

validation sets, 31
vector

normal, 21
vector space, 18
vector space basis, 19
vectors, 19

support, 37
version space, 28
vertex-labelled graph, 131
vertex-set, 131
von Neumann kernel, 77

walk, 131
weak representer theorem, 36
weakly

converges, 20
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